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ON A METHOD FOR TESTING FOR LINKAGE BETWEEN 
LETHAL GENES 


By W. E. CastLe 
Division oF GENETICS, UNIVERSITY OF CALIFORNIA 


Communicated November 9, 1939 


In an animal like Drosophila, in which the number of chromosome pairs 
is small and each pair carries one or more marker genes, it is a relatively 
simple matter to ascertain in which chromosome pair any new mutant gene 
is located. But in mammals the number of chromosome pairs is so large 
(twenty or more) and so few of these bear identified marker genes that a 
new mutant gene is as likely as not to be borne in an unmarked chromosome 
and so to manifest no linkage with any other known gene of the species. 
And if the new gene is a lethal the study of its linkage relations becomes 
doubly difficult because viable homozygous individuals cannot be produced. 

If two different lethals have been discovered neither of which shows link- 
age with previously known genes, the question arises whether these consti- 
tute markers of two different chromosomes previously unmarked, or 
whether they lie in the same unmarked chromosome. To answer this 
question by crossing the two lethal carriers with each other and then raising 
an F, generation is next to impossible, since in the case of F2 individuals 
which perish, it will be unknown whether they are homozygous for one 
lethal or for both. 

To obviate this difficulty, the following method has been devised. An 
F, is produced by crossing individuals carrying the respective recessive 
lethals, as Aa X Bb. One in four of the F, progeny will carry neither lethal, 
one will carry lethal a, another will carry lethal b and one will carry both 
lethals received in the repulsion relationship. This last sort of individual 
can be identified by suitable breeding tests and should then be mated with 
animals which carry neither lethal, preferably of an unrelated strain. The 
progeny of such a cross will in no case be homozygous for either lethal and 
so will be vigorous prolific animals characterized by heterosis. 

If no linkage exists between a and 3, i.e., if they are borne in different 
chromosomes, four classes of individuals will be found with equal frequen- 
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cies in the F; population, viz. (1) carriers of a only, (2) carries of b only, (3) 
carriers of both a and b and (4) carriers of neither. If linkage exists, 
classes (3) and (4) will be in excess of classes (1) and (2). 

This method was used in rats in testing for linkage between the recessive 
lethal anemia! and an undescribed sublethal (‘‘wobbly’’), neither of which 
at the time was known to be linked with any previously discovered rat gene. 

Back-cross individuals to the number of 161 were tested individually 
by matings with individuals doubly heterozygous for anemia and wobbly. 
They were found to be distributed as follows: 


CARRIERS OF CARRIERS OF CARRIERS OF CARRIERS OF 
ANEMIA ONLY WOBBLY ONLY BOTH NEITHER 
40 42 43 36 


The sum of the first two classes (non-crossovers) is 82, of the last two 
classes (recombinations or crossovers) is 79. The deviation from equality 
is 1.50 + 4.28, or less than might be expected from random sampling. 
Anemia and wobbly are beyond question independent. 

Later anemia was found to be closely linked with curly, the crossover 
percentage being 5.2. An independent test showed that wobbly was, as 
expected, ot linked with curly, thus confirming the previously reached 
conclusion that anemia and wobbly are borne in different chromosomes. 


1 Smith, S. E., and Bogart, R., Genetics, 24, 474, July (1939). 


THE GAS EXCHANGE OF DROSOPHILA LARVAE 
By GEorGE T. RUDKIN! 


ScHOOL OF BIOLOGICAL SCIENCES, STANFORD UNIVERSITY 


Communicated November 13, 1939 


Following a suggestion from Sturtevant’s’ work on mosaics, Beadle, 
Ephrussi* and others have shown that a diffusible substance, v+ hormone, 
is concerned with the expression of the mutant character vermilion (v) in 
Drosophila melanogaster. The substance is normally absent in larvae and 
pupae homozygous for vermilion and present in those carrying its wild 
type allele. It can be extracted from young wild type pupae*® and when 
injected into vermilion brown test larvae shifts the eye color of the adult 
fly toward brown, i.e., non-vermilion. Transplanted fat-bodies of wild- 
type larvae will produce an eye-color change in vermilion brown hosts, but 
v+ substance cannot be extracted from them.* Wild-type Malpighian 
tubes yield v+ hormone both on transplantation and extraction.6 Recent 
work by Khouvine, Ephrussi and Chevais’ and by Beadle, Tatum and 
Clancy® shows that v+ hormone production is affected by diet. Vermilion 
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brown larvae grown on an intermediate food level (small amount of yeast) 
such that their pupation time is delayed two to six days produce flies with 
an eye-color modified toward brown, i.e., vt hormone has been produced. 
The addition of sugar to low yeast media was found to inhibit this starva- 
tion effect. In view of the fact that the hormone is amino acid-like in 
nature,®* these authors suggest that an alteration in protein and amino 
acid metabolism is concerned with its formation in larvae on lowfood. This 
work is an attempt to study the metabolism of such larvae by respiratory 
measurements in order to test this hypothesis. 

Materials and Methods.—Four different diets, each having different 
effects, were used in the experiments. Full food consisted of standard 
Drosophila culture medium” seeded with an excess of live yeast. Low 
yeast consisted of a suspension of 0.25 per cent of dried brewer’s yeast in 
1.0 per cent agar. Sixty larvae were transferred at 28 hours after hatching 
from full food to 100 cc. of low yeast in a dish having an area of about 40 
cm.*. This treatment gave a strong eye-color change and a delay in pu- 
parium formation of from one to four days. Preliminary experiments 
with media containing sugar were unsuccessful because of bacterial and 
mold contamination, so an aseptic method (Tatum, unpub.) was employed. 
Two series consisted of 0.5 per cent and 2.0 per cent sucrose added to a 
basic low yeast level of 0.5 per cent dried yeast in 1.0 per cent agar. Ten 
cc. of a given food were placed in each of ten 35-cc. vials and autoclaved. 
Eggs were collected on autoclaved spoons, removed in groups of thirty 
with sterile glass rods, immersed in 80 per cent alcohol for ten minutes and 
placed thirty per vial. No contamination occurred in any unopened vials, 
although after pupation growth was occasionally observed in vials from 
which larvae had been removed for measurement and returned. Later 
tests showed that the 0.5 per cent yeast diet alone, provided from hatching, 
had the same effects on eye color, pupation delay and gas exchange as did 
the low food level described above. Also, a 3.0 per cent dried yeast suspen- 
sion has been found to be equivalent to full food (living yeast) used here, 
showing that the use of the two techniques did not introduce complications. 
All cultures were kept at 25°C. 

A differential volumeter of the type described by Fenn!! was used for the 
measurement of gas exchange. The vessels had a capacity of approxi- 
mately 3.5 cc. each, the capillary a diameter of 0.687 mm. Triple distilled 
kerosene was used for the index drop. A hairline was mounted in a tube 
fixed to a mechanical stage so placed that the movement of the drop could 
be followed. Readings were taken to 0.1 mm. using the vernier of the 
stage. During use the respirometer was kept at 25.00 + 0.02°C. in a well- 
stirred water bath. When a run was to be started, five to ten larvae were 
removed from food, washed thoroughly in sterile Ringer’s solution, dried 
on filter paper, weighed to the nearest 0.1 mg. and placed in the experi- 
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mental vessel on 0.5 cc. of the same type of food as that from which they 
were removed (fully fed larvae were placed on a five per cent suspension 
of dried yeast in one per cent agar to avoid the obvious complications in- 
volved in using live yeast). After a half hour equilibration period in the 
water bath, readings were taken at five minute intervals for a period of one 
hour. The respirometer was then removed from the water bath, alkali 
introduced into the central cups of both vessels and readings again taken 
for an hour after equilibration. The con- 
trol vessel contained 0.5 cc. of the same 
le ~~ Tie food used in the experimental vessel. Car- 
bon dioxide production was calculated by the 

volume difference method, oxygen consump- 
tion directly from the second set of readings. 
Although the two were not measured simul- 
taneously, tests showed that no appreciable 
change occurred in either during the time 
intervals used. Larvae left in the respirom- 
eter for two hours showed during that 
time a constant oxygen consumption when 
alkali was present, or a constant difference 
between oxygen consumption and carbon di- 
oxide production when no alkali was present. 
Eye-color change is given according to the 
set of standards used by Tatum and Beadle.® 
Vermilion brown (nearly white eye) is taken 
as 0.0, brown (brown eye) as 5.0, inter- 
mediate color values being determined by 
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FIGURE 1 


Gas exchange of larvae fed 
on (1) full food, (2) low yeast 
level, (3) low yeast plus 0.5 per 
cent sucrose, (4) low yeast plus 
2.0 per cent sucrose. Oxygen 
consumption and carbon di- 
oxide production are given in 
mm.* per mg. hr. Solid col- 
umn represent mean values. 


comparison with a graded series of inbred 
mutant stocks. Eye-color value is a measure 
of the quantity of y+ hormone used by the fly. 
Pupation delay is the increase in larval life- 
time over that of the fully fed controls (120 
hours at 25°C.). Specimens of each ex- 
perimental series were dissected just before 
puparium formation and the relative sizes 


of fat bodies with respect to larval size were noted. 
Discussion of Results —The results of the experiments are summarized in 


table 1 and in figure 1. 


The respiratory quotient (R.Q.) of larvae on a 


given diet is fairly constant over the periods measured in spite of fluctua 
tions in CO, production and O2 consumption and is different from that of 
larvae on any other diet. The lower R.Q. and rate of gas exchange 
of larvae on low yeast is in accord with previous work on starved and par- 
tially starved insects. The increase in R.Q. observed in larvae given sugar 
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in addition to low yeast level is to be expected from the fact that a purely 
carbohydrate diet usually results in an R.Q. of 1.0 (see Dreyer!? and Cook'® 
for insect data), while the higher rate of gas exchange is probably due to 
the greater quantity of food available. In order to interpret respiratory 
measurements of this kind the exact composition of the diets should be 


TABLE 1 
PUPA- RELA- 
WEIGHT CO: Oz EBYE- TION TIVE 
TREATMENT AGE NO. OF IN o./ OUTPUT UPTAKE COLOR DELAY SIZE OF 
OF LARVAE HRS. LARVAE LARVA MM.3/MG.? HR. R.Q. VALUE* IN DAYS FAT BODY 
1. Fully fed 74 10 0.35 4.13 5.23 0.79 
95 10 0.82 3.92 5.01 0.78{ 
97 5 1.62 3.23 4.04 0.80[ °° 
Mean 3.76 4.76 0.79 
2, 0.25% dried 76 10 0.15 3.04 4.76 0.64 
yeast after 28 93 10 0.77 2.08 3.52 0.59 ie 
hours 121 7 1.31 2.03 3.03 74 
Mean 2.36 3.77 0.65 
3. 0.5% dried yeast 96 10 0.27 3.23 4.20 0.77) 
plus 0.5% sugar 120 10 0.88 38.41 4.24 0.81 
from hatching 144 5 1.10 3.11 3.81 
Mean 3.25 4.06 0.80 
4. 0.5% dried yeast 104 10 0.27 4.52 5.13 0.88 
plus 2% sugar 127 10 0.82 4.32 4.77 
Mean 4.16 4.64 0.90) 


* Tatum and Beadle’ scale of eye-color values. 


known. A completely synthetic diet for Drosophila has not been devised 
and so could not be used, but an idea of the proportions of the three prin- 
cipal foodstuffs can be had from analyses of yeast. Yeast is high in pro- 
tein, about 60 per cent, low in fat, about 7 per cent, while carbohydrate 
makes up about 20 per cent, all expressed in dry weight. Fully fed larvae 
had an ample supply of all these. Larvae on low yeast without sugar had 
a limited supply of food containing about three times as much protein as 
carbohydrate. Those on low yeast with 0.5 per cent and 2.0 per cent sugar 
added had more food (but still not enough to allow normal development) 
with three and seven times as much carbohydrate as protein, respectively. 
The fat content of the last three diets was low, five per cent or less. 

On the basis of combustion in vitro, R.Q.’s of 1.0, 0.8 and 0.7 are to be 
expected from the complete oxidation of carbohydrate, protein and fat, 
respectively. The value of 0.78 observed in fully fed larvae would be 
expected on a high protein diet. The low value of 0.65 observed in larvae 
on low yeast level is too low to be accounted for by the complete oxidation 
of any food. It may be more readily understood if the tendency of insect 
larvae to store food material is taken into consideration. A substantial 
amount of fat is stored in the fat bodies and, in later stages, a rapid increase 
in glucose and glycogen content has been observed.'* It is generally be- 
lieved that stored material is necessary for the completion of metamor- 
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phosis.'* The starved larvae, therefore, had to build up fat and carbo- 
hydrate reserves from a diet high in protein. Their relatively greater de- 
crease in CO, production than in O2. consumption indicates that some 
carbon normally excreted is retained, perhaps by incomplete oxidation of 
protein. Fink!> using the potato beetle, Cook!* using termites and Dreyer!’ 
using ants, all found that starvation or partial starvation caused insects to 
have a low R.Q. and all offered as the most probable explanation incom- 
plete oxidation of protein and fat. 

Since a large part of the stored tissue of insects is located in the fat body, 
it might be expected on the assumptions just presented that some change 
could be observed in them. As the table shows, gross changes do take 
place. Lack of food results in a smaller fat body than is present under 
conditions of maximal feeding—a result generally obtained in insects and 
analogous to that found in higher animals, within certain limits. Koll- 
mann!*® working with Tenebrio molitor and Fink’ with the potato beetle 
observed that albuminoid granules normally present in fat bodies of fed 
insects disappeared after a period of starvation. Schmeider’ came to the 
conclusion that in Hymenoptera there is a reiation between nitrogenous 
inclusions and fat, and suggested intracellular synthesis of protein. Ap- 
parently it can be reasonably assumed that starvation does upset the pro- 
tein and fat metabolism, probably in such a manner and degree as to be a 
major factor in lowering the R.Q. 

The effect of sugar in raising the R.Q. would be expected from the fact 
that insects fed on a pure carbohydrate diet exhibit an R.Q. of 1.0.!%18 
It might be suspected that its effects are solely due to complete oxidation 
in catabolic processes, but it seems more probable that, especially in the 
case of 2.0 per cent added sucrose, there is an effect on the fat and protein 
metabolisms themselves. In view of the observation mentioned above! 
that a marked increase in glucose and glycogen content takes place in late 
larval stages, it may be suggested that the sugar supplies the necessary 
carbohydrate, its oxidation repiacing that of protein otherwise resorted to 
for the synthesis of these substances. A critical test of this hypothesis 
would require a much more detailed analysis of starvation metabolism 
than has been presented here. 

It remains to point out the general parallelism between the effects of 
diet on R.Q. and on hormone production. Limiting the amount of yeast 
available to larvae causes them to produce more v+ hormone as measured 
by eye-color value as well as exhibit a relatively low R.Q. as compared with 
fully fed controls. The addition of sugar to low yeast, while not completely 
remedying dietary deficiencies, as indicated by pupation delay and me- 
dium-sized fat bodies, nevertheless inhibits hormone production and causes 
a higher R.Q. than is observed for larvae on low yeast alone. Further, the 
decrease in eye-color value and increase in R.Q. are roughly proportional 


i 
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to the amount of sugar added. It may be that the incomplete oxidation 
of protein postulated to account for the low R.Q.’s is also concerned with 
the increase in hormone production and that the inhibition of hormone 
production by sugar is secondary to its restorative action on total metabo- 
lism. In the low food series with added sugar a further parallel may be 
drawn if one remembers Beadle’s* demonstration that wild type fat bodies 
yield v+ hormone when transplanted into vermilion brown hosts. The 
larvae on low yeast only, having the smallest and hence most drastically 
affected fat bodies, showed the greatest eye-color change while those with 
added sugar, having the least reduction in fat body size, also showed less 
v+ hormone production. As pointed out by Khouvine, Ephrussi and 
Chevais’ and by Beadle, Tatum and Clancy,’ the effect of partial starvation 
on eye color may be interpreted as a restoration of a reaction chain leading 
to the formation of v+ hormone normally broken in the presence of the 
vermilion gene homozygous. The present discussion is in harmony with 
their suggestion that protein metabolism may be concerned. 

Summary.—It was found that in vermilion brown Drosophila melanogas- 
ter larvae a low yeast level is associated with a low R.Q. (0.65) and that the 
addition of sugar is capable of raising the R.Q. up to or above that of fully 
fed controls (0.79) while still not supplying an optimum amount of nutrient 
materials. 

The production of v+ hormone was found to be associated with a low 


R.Q., non-production with a high R.Q. under conditions of the reported 
experiments. 

Changes in protein metabolism were suggested to explain both phenom- 
ena, although their interrelationship has not been definitely established. 


' John M. Switzer Fellow. 

2 Sturtevant, A. H., Proc. Sixth Intern. Congress of Genetics, 1, 304-307 (1932). 

3 Beadle, G. W., and Ephrussi, B., Genetics, 21, 225-247 (1936). 

4‘ Thimann, K. V., and Beadle, G. W., Proc. Nat. Acad. Sci., 23, 143-146 (1937). 
5 Tatum, E. L., and Beadle, G. W., Jour. Gen. Physiol., 22, 239-253 (1938). 

6 Beadle, G. W., Genetics, 22, 587-611 (1937). 

7 Khouvine, Y., Ephrussi, B., and Chevais, S., Biol. Bull., 75, 425-446 (1938). 

8 Beadle, G. W., Tatum, E. L., and Clancy, C. W., Biol. Bull., 75, 447-462 (1938). 
® Khouvine, Y., and Ephrussi, B., Compt. Rend. Soc. Biol., 124, 885-887 (1937). 
'0 Bridges, C. B., and Darby, H. H., Amer. Nat., 67, 437-472 (1933). 

' Fenn, Wallace O., Am. Jour. Physiol., 80, 327 (1927). 

'2 Dreyer, W. A., Physiol. Zool., 5, 301-331 (1932). 

13 Cook, S. F., Biol. Bull., 63, 246 (1932). 

4 Uvarov, B. P., Trans. Ent. Soc. London, 76, 255-345 (1928). 

15 Fink, D. E., Biol. Bull., 49, 381-406 (1925). 

16 Kollman, M., Bull. Soc. Zool. France, 34, 149-155 (1909). 

17 Schmeider, R. G., Jour. Morph., 45, 121-186 (1928). 
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SCATTERING OF SLOW NEUTRONS BY PROTONS 


By MILTON S. PLESSET AND FREDERICK W. BROWN 


NorMAN BrmGE LABORATORY OF PHysics, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated November 9, 1939 


An elementary discussion is given here of the scattering of slow neutrons 
by protons for the spherical well potential and for the meson type potential. 
Calculations have been carried out for the potential hole because many of 
the discussions of this problem have assumed that the interaction is of 
negligible width and this assumption leads to appreciable inaccuracies. 
The question of the introduction of the virtual level of the deuteron to de- 
scribe the singlet scattering is also considered, and in this connection the 
sequence of virtual levels defined by the Kapur-Peieris! scattering proce- 
dure is determined to illustrate the convergence of the method in the extreme 
case of the deuteron. 

1. For neutrons of low relative velocities only the states of zero angular 
momentum contribute appreciably to the scattering. For a potential hole 
of depth C and width z, the S-wave y = ry satisfies the wave equation 


+ (b+ a)e=0, x < x9; (1) 
d*y/dx? + ag = 0, > (1a) 


where the unit of length is 7) = e?/mc?, and x = r/r, xX) = 2/%, C = 
(h?/Mro?)b = 10.24 b mc?, E = (h?/Mr,*)a.* The solution of equation (1) 
which vanishes at x = 0 is, fora < 0, 


o(x) = N sin (b — 6)” x, x XxX; (2) 
yo(x) = Cy exp (—(€)'*(x — x0)) + Ceexp ((e)'"(x — x)), 2x0; (3) 
where € = —a. Continuity at x = x in yg and ¢’ gives 


C, = (N/2){sin (6 — — ((b — cos (b — (4) 
= (N/2){sin (b — + ((b — cos (b — ©)'/*xo}. (5) 
For a 2 0, one has 


v(x) = N sin + x 


go(x) = N {sin (6 + a)” cos — x0) + 
(b + a)/a)” cos (b + a)” sin (a)'*(x — x0)}, x0. (7) 


IIA 


Xo; (6) 


In order that a stable state exist one must have C; = 0, and for E(*S) = 
— 4.257 mc?, = 0.4157, a relationship is determined by this condition 
between 6(?S) and xo which gives b(*S) = 4.010 if one takes xo = 1.000. 


> 
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In the following it will be assumed that x) = 1.000 for both the triplet and 
the singlet interactions. 
The scattering cross-section for zero energy may be written in the form 


o = — 1? + — U2}; (8) 
and one has further 


(9(1)/¢’(1))s = tan (e(1)/e"(D)ss = 

tan (9) 
Taking o = 18.3 X 10-*4 cm.?, one finds b(!S) = 2.235. If one keeps xo 
fixed, the determination of b(!S) is not appreciably affected by a change 


in the value of o. For the scattering amplitudes one has the following 
numerical values 


A(!S) = {tan — 1 = 7.804; 
A(8S) = {tan (b(3S))'/(b(3S))'"} — 1 = —2.084. (10) 


The following approximation has sometimes been used for the triplet 
scattering amplitude: 


A(3S) = —1/(e(3S))'* = —1.551. (11) 


For a hole of width x) = 1.000 it is evident that this approximation gives 
an error in the scattering intensity of 50 percent. A better approximation 
may be found? by solving the equation C, = 0 for b(%S) in terms of (4S). 
This procedure gives 


A(*S) — + — 1, (12) 


and this approximation is in error by 9 per cent for the scattering intensity. 
To get an expression similar to (12) one may attempt to introduce an energy 
characteristic of the singlet interaction in terms of which A('S) may be 
expressed. It is readily seen that for b = b(1S) = 2.235 there is no solu- 
tion for C, = 0, and since there is no stable singlet level, a positive or vir- 
tual energy level has been introduced. One definition which has been 
given’ of the virtual energy level is equivalent to the following: let ¢’ 
be the absolute value of a negative energy level for which C, = 0, then the 
positive energy level for which a’ = ¢’ is the virtual energy level. For 
b(4S) = 2.235, a’ = 0.0145. One might also define the virtual energy as 
that positive energy a for which 


= (ao). (13) 


¢a, (x) then has a phase constant of 7/4 as may be seen from (7). The 
value of a determined by (13) corresponds to an energy of 61,000 e.-v. for 
b(4S) = 2.235. An approximate solution of Eq. (13) gives 
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A(!S) = {(a0)'* + — 1, (14) 


and this approximation is in error by less than 0.1 per cent. 

2. The dependence of the potential on the neutron-proton distance as 
derived from the meson field theory is of the form C [exp { —dr/ro} / 
X(r/ro)]. The S-wave ¢ = ry satisfies the equation 


d*p/dx* + (be */x)e + ay = 0, (15) 
where x = Ar/m, 6b = CMr,2/h?\?, a = EMr,?/h?d?. 
For thermal neutrons (a = 0) the scattering amplitude is 


A = Lim — x}, 


and the scattering cross-section is given by 
¢= (wro?/d*) { A (4S)? + 3A (8S)?}. (16) 


The scattering amplitude has been determined by numerical integration of 
(15) for several values of 6, and table 1 summarizes the results. For a 
value b. near a value 6, in this table one may calculate ¢,(x)/go(x) and 


TABLE 1 
b 1.440 1.500 1.516 1.520 2.550 2.600 2.700 
A 8.452 11.64 12.87 13.22 —3.229 —3.065 —2.775 


hence the scattering amplitude, by the following perturbation formula: 


2(x)/g2(x) — = (bi — be) [So* 
— be) [So* (17) 


It may be of interest to note that for b = 1.505, which is the value for the 
singlet interaction, approximately one-half of the scattered intensity comes 
from the region beyond r = 279; and beyond r = 67 the scattered intensity 
remains essentially constant. For ) = 2.600 which is the value for the 
triplet interaction the scattered intensity remains practically constant 
beyond = 

The values given above for 6(‘S) and b(*S) have been determined in the 
following way: for an assumed value of b(%S) the corresponding value of 
(3S) is determined from the binding energy of H?; if one assumes \(*S) = 
d(4S), then b(4S) is determined from the scattering cross-section (18.3 X 
10-*4 cm.*) for thermal neutrons using table 1; the binding energy of H?* 
is then used to fix the correct value of b(*S). This procedure gives the first 
column of table 2. If « were taken to be 13.1 XK 10~*4 cm.?’, one gets the 
values given in the third column of table 2. If one does not assume 
A(8S) = d(4S); but, for example, takes \(1S) = 2.38,4 a value which fits 
proton-proton scattering data, then the other constants determined by the 
above procedure are given in the second column of the table. 
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TABLE 2 


(cM.?) 18.3 X 10-24 13.1 K 10-%4 
b(8S) 2.600 2.42 2.54 
1.505 1.56 1.48 
C(3S)(me.) 62.80 87.6 70.1 
36.35 90.5 40.8 
A(3S) 1.536 1.88 1.64 
ACS) 1.536 2.38 1.64 


3. In their derivation of the nuclear dispersion formula Kapur and 
Peierls! define the virtual levels which determine nuclear scattering by means 
of a boundary condition at some R which is a distance such that V(r) is 
negligible forr 2 R. In the case of neutron-proton scattering this proce- 
dure may be carried through accurately and gives an alternative to the usual 
scattering calculation. For thermal neutrons (a = 0) the sequence of 
virtual levels is determined by the boundary condition y’/(R) = 0. In 
every case the sequence of virtual levels will depend on the value taken 
for R. 

For the potential hole of width 7) the virtual energy values are given by 


= (2n + 1)%(x2/4)— 5; (n =0,1,2...) (18) 


where R also is taken to be 7 and the incident neutron energy is taken to be 
zero. Table 3 gives the singlet and triplet virtual energy sequences. 
The scattering cross-section is now given by 


= (22/aq(*S) — 1)* + 3(22/a,(%S) — 1)*}. (19) 


TABLE 3 
n 0 1 2 3 
a,(1S) "0.2324 19.97 59.45 118.7 
a, (3S) —1.543 18.20 57.67 116.9 


In the case of the meson potential it is convenient to take R = 4.732 1; 
an appreciably larger value for R gives slow convergence in the contribu- 
tions from the higher levels while an appreciably smaller value does not 
give the proper scattering since the interaction is then large at the boundary. 
The scattering cross-section is given by (16) where the scattering ampli- 
tudes now have the form 


A= (20) 


where ¢,,(X) is the value of the wave function for the mth virtual level at 
X = )R/n and N,, = Jo* gidx. The virtual energy values of the first few 
levels, together with the values of ¢%,(X)/N,, are given in table 4. These 
values may be compared with the virtual energy levels obtained for the 
potential hole of width 7 when R is also taken to be 4.732 1r0:a,(4S) = 
0.0242, 0.603, 2.23; a,(8S) = —0.419, 0.291, 1.91. 
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TABLE 4 
n 0 1 2 
da, (1S) 0.02522 0.6372 
Na,,(4S) —0.4215 0.2720 
(y2/N,)15 0.1845 0.2901 
(y2/N,)25 0.01736 0.3791 0.3067 


As one would expect, the convergence for R = 4.732 ro is not so rapid as 
was the case for the potential hole where R could be taken to be 7. Even 
for the latter case the first three levels should be taken to get an accurate 
result for the scattering amplitude. 


*h denotes Planck’s constant divided by 27. 


1 Kapur, P. R., and Peierls, R., Proc. Roy. Soc., 166, 277 (1938). 

2 Wigner, E., Zeit. Physik, 83, 253 (1933). 

3 Breit, G., Thaxton, H. M., and Eisenbud, L., Phys. Rev., 55, 1018 (1939). 
4 Share, S. S., Hoisington, L. E., and Breit, G., Zbid., 55, 1130 (1939). 


ON THE FORMATION OF CLUSTERS OF NEBULAE AND THE 
COSMOLOGICAL TIME SCALE 


By F. Zwicky 
NorMAN BRIDGE LABORATORY, CALIFORNIA INSTITUTE OF TECHNOLOGY 


Communicated October 24, 1939 


A. The Problem of the Short Time Scale in an Expanding Universe.— 
The red-shift in the spectra of nebulae is most easily interpreted as a 
Doppler effect caused by the mutual and approximately uniform recession of 
these nebulae from one another. This hypothesis of an expanding universe 
leads to an alarmingly short cosmological time scale with the consequence 
that some two billion years ago intergalactic space must have been prac- 
tically non-existent and the nebulae were not clearly separable from one 
another. Nevertheless, the individual objects which constitute these 
nebulae such as the stars, and the double, triple and multiple systems of 
stars might well have existed in their present physical condition even in 
a very contracted universe. The argument that the earth and the stars 
have existed for periods longer than two billion years, and the fact that 
perhaps the present statistical distribution of stars could have been achieved 
only in a very much longer time than two billion years is therefore not suf- 
ficient to reject the hypothesis of the expanding universe. In order to 
show that the time scale demanded by this hypothesis is inacceptable we 
must endeavor to discuss objects which (a) in a contracted universe clearly 
could not have existed in their present form and (b) whose formation 
required intervals of time definitely larger than two billion years. If we 
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succeed in finding any objects which meet these requirements (a) and 
(b) we shall have demonstrated the impossibility of a time scale which 
would allow us to interpret the nebular red-shift on the basis of an expand- 
ing universe. 

B. The Clusters of Nebulae.—It is the contention of this investigation 
that the big and regular clusters of nebulae such as the Coma cluster repre- 
sent cosmic objects which satisfy both of the requirements (a) and (8). 
Much work remains to be done to complete our knowledge of the clusters 
of nebulae, but some preliminary investigations suggest the probable 
general validity of the following relevant features. 

(1) The large clusters of nebulae contain from 1000 to 10,000 nebulae. 
Their linear dimensions are presumably of the order of from one to ten 
megaparsecs. 

(2) The most regular among the large clusters exhibit remarkable 
spherical symmetry, a fact which strongly indicates that they are stationary 
assemblies in the statistical mechanical sense. The Coma cluster is a good 
example of a highly symmetrical cluster.' 

(3) The radial distribution of nebulae in the Coma cluster is remarkably 
similar to the distribution of luminous objects in individual globular 
nebulae.! The distribution curve can furthermore be very closely repre- 
sented by the curve derived by Emden for the density distribution of 
matter in an isothermal gravitational gas sphere. This remarkable fact 
further strengthens our belief that the regular clusters represent statisti- 
cally stationary configurations of objects whose interactions are governed 
by Newton’s law of attraction. 

(4) Clusters of nebulae delineate a segregation in types of nebulae in- 
asmuch as the central parts of the clusters are rich in nebulae of the el- 
liptical and globular types, whereas spirals are more abundant between the 
clusters. 

(5) Investigations by Sinclair Smith? on the Virgo cluster indicate that 
the velocity distribution of the nebulae in the central parts of a cluster is 
the same as the velocity distribution at considerable distances from the 
center. Furthermore, according to Hubble* the dispersion among the 
peculiar motions of the so-called field nebulae in between the clusters seems 
to be rather smaller than the corresponding dispersion for the nebulae in 
the central regions of the great clusters. 

In the following we shall try to analyze the preceding list of observational 
facts in the light of two hypotheses which would seem to exhaust the 
significant possibilities of explaining the formation of the great regular 
clusters in an expanding universe. The first hypothesis assumes that two 
billion years ago the nebulae were distributed at random. We shall show 
in section C, that in this case the nebulae at the present time still should 
be distributed at random, a conclusion which is in contradiction with the 
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existence of the great regular clusters of nebulae. The second hypothesis 
assumes that these clusters, in a more condensed form, already were pres- 
ent in the contracted universe of two billion years ago. We shall show in 
section D that this hypothesis allows us to draw conclusions which are also 
in contradiction with the observations described in the preceding. We 
hold therefore that the universe cannot be expanding. 

C. Estimate of the Minimum Time Interval Which Is Necessary for the For- 
mation of a Regular Cluster of Nebulae.*—For the statistical formation of a 
cluster of nebulae to take place, triple or multiple close encounters among 
nebulae are indispensable. Double impacts alone are not sufficient for the 
following reasons. 

Suppose that a certain point C is destined to become the approximate 
center of a future large regular cluster of nebulae. In any random distri- 
bution a few nebulae only will be accidentally hovering around the point 
C. In order to enrich the neighborhood of C by a great number of hovering 
nebulae which might form a future cluster we must analyze the action of 
impacts between nebulae not belonging to the accidental original group. 
Consider two such nebulae of masses m; and m2 which move with the vec- 
torial velocities 7, and %. The center of mass of this couple will continue 
to move with a velocity 0 = (mt, + muat2)/(m, + me) relative to a system 
of codrdinates = attached to C, even if an impact between the two nebulae 
takes place near C. Such impacts can therefore not effectively contribute 
to the number of nebulae hovering around C, except perhaps in the very 
rare case that a head-on impact takes place between two nebulae for which 
v is approximately equal to zero. The situation, however, is different 
for triple and multiple impacts. During such impacts one nebula may be 
effectively stopped down near C without any violation of the law of con- 
servation of momentum because the remaining nebulae may carry away 
the surplus momentum. 

Since among the multiple collisions which are effective in the produc- 
tion of clusters, triple collisions are by far the most numerous we shall 
now calculate their frequency in a given random distribution of nebulae. 

Suppose that N nebulae are distributed at random in a unit volume 
of space and that the average velocity square is v*. We shall say that 
an 7-fold collision is taking place if m nebulae are simultaneously enclosed 
by a sphere (impact volume) whose volume is ¢ = 4rr*/3. The number 
Z of n-fold collisions per unit volume and unit time under these circum- 
stances is* 


Z 1, (1) 


where the unit of volume must be chosen so that o <1. We chose as 
the unit of volume a cube whose edge is L = 10 megaparsecs = 3 X 10” 


H j 


we 
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cm. In this “unit’’ volume there are, according to Hubble,® about NV = 
5 X 10% nebulae. For an effective triple collision to take place, r and o 
must certainly not be larger than about r = 10‘ parsecs = 10-*Z and 
o = 4nrr?/3 24 X 10-° L*. Furthermore we have in order of magnitude 


(v?)'”* = 107 cm./sec. 2 3.3 X 10-19 L/sec. (2) 
Substituting these values in (1) we obtain 
Z = 10-**/sec. = 3 X 107-"5/year. (3) 


In other words, it takes on the average about 3.3 X 10! years for a single 
triple collision to occur in a volume L* which contains just about the 
number of nebulae (V = 5 X 10%) necessary for the formation of a large 
regular cluster. Before a cluster is really formed every one of these nebulae, 
on the average, will have to be involved more than once in a multiple 
impact, so that the time of formation r of a large cluster out of a random 
distribution of nebulae is 


t > 10" years. (4) 


This period 7 which is necessary for the formation of a regular cluster is 
so much larger than the time of only 2 X 10° years available in an expand- 
ing universe that the above considerations, if substantiated by further 
observations, would rule out any possibility of interpretation of the 
nebular red-shift on the basis of an expanding universe. 

D. Clusters of Nebulae in an Expanding Universe-—It might be ob- 
jected that in a contracted universe some billions of years ago clusters of 
nebulae have already existed and that the clusters observed at the present 
time are identical with the original clusters. The present greater di- 
mensions of these clusters then would be due to the fact that the original 
member nebulae have moved to greater distances from the original center 
of a cluster, depending on their initial velocities. The observations dis- 
cussed in the sections B4 and B5, however, make this possibility improbable. 
Indeed, in the case just discussed the nebulae on the outskirts of a cluster 
should show predominantly radial velocities directed away from the center 
of a cluster. These velocities should assume the largest values for the 
nebulae which have traveled to the greatest distances from the centers 
of the clusters to which they originally belonged. This conclusion is con- 
tradicted by the observations mentioned in section B5. Also it would 
seem impossible to explain the preponderance of spiral nebulae on the 
outskirts of clusters. In addition it would be difficult to explain the 
spatial distribution of nebulae in a cluster. 

E. Other Observations Pointing towards a Stationary Universe rather 
than an Expanding Universe.—It was thought for a while that counts of 
nebulae to successively fainter magnitudes would lead to a decision about 
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the expansion of the universe. It was, however, soon realized that this 
investigation which was partially carried through by Hubble,’ would 
have to overcome two serious difficulties before conclusions drawn from it 
could be accepted with any degree of confidence. In the first place it 
would be necessary to secure thousands of long exposure plates of equally 
good quality taken with the large reflectors under good seeing conditions. 
Many years are required to accumulate such a set of plates, especially if 
duplicates of each field in the sky are desired. In the second place cor- 
rections for the effect of the redshift on the apparent magnitude of the 
distant nebulae must be applied. The calculation of these corrections and 
the interpretation of the resulting counts of nebulae are largely dependent 
on the real nature of the red-shift and on the theoretical model of the uni- 
verse from which one starts. Counts of nebulae in themselves do not 
therefore enable us to reach directly a clear cut decision for or against the 
expansion of the universe. But even if the practical and theoretical diffi- 
culties just mentioned could be eliminated in their entirety, we now know 
that counts of nebulae cannot, in principle, lead to the decision desired 
because of the interference of gravitational lense effects’ which, at the 
crucial distances of hundreds of millions of light years considered by 
Hubble, must become of ever increasing importance. 

There is nevertheless a method, based on specific counts of nebulae in 
clusters, which is free from the three objections discussed in the preceding 
and which promises to supply us with additional decisive evidence con- 
cerning the nature of the red-shift from nebulae.! As already mentioned, 
in an expanding universe clusters at an earlier stage must have already 
existed in a very condensed state, since otherwise there would not have 
been time enough for them to be formed at all. This means that clusters 
now observed at very great distances must on the average be much more 
condensed than the nearby clusters. At the present time not enough clus- 
ters are known to make a test of this conclusion practical. With the 
completion of the 48-inch Schmidt telescope for the observatory on Palomar 
Mountain clusters at great distances will be quickly discovered in suffi- 
cient numbers to make possible the investigation just suggested. The 
48-inch telescope also will enable us to accumulate a statistically complete 
set of data concerning the properties of clusters discussed in section B. 
If these additional data substantiate the preliminary investigations avail- 
able at the present time the case against the hypothesis of an expanding uni- 
verse will in our opinion be a strong one. 


* For a discussion of the time of formation of double galaxies, see for instance E. 
Holmberg, Ann. Observ. Lund, No. 6, 103 (1937). The fact that the formation of double 
nebulae presumably involves a period of time longer than two billion years cannot, 
however, be used as a decisive argument against the theory of the expanding universe 
since the double nebulae do not satisfy the requirement (a) of Section A. 
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BODILY CONSTITUTION AND HUMAN LONGEVITY! 
By RAYMOND PEARL AND W. EDWIN MOoFFETT 


DEPARTMENT OF BIOLOGY, THE JOHNS HopKINsS UNIVERSITY, SCHOOL OF HYGIENE AND 
PusBLic HEALTH 


Read before the Academy October 23, 1939 


I.—The problem with which this paper is concerned may be stated as 
follows: Consider two groups, A and B, of adult human beings, both drawn 
from the same universe, but in such a manner that the individuals in the A 
group are the Jongest-lived individuals in that universe, while the indi- 
viduals in the B group are the shortest-lived to be found in the universe who 
also were, at the time they were observed and measured, of the same age 
in years, individual by individual, as the persons in the A group when they 
were observed. All the individuals in both the A group and the B group 
were in a state of sound health at the time of observation, as determined 
by medical examination. The question to be answered is: Were there 
significant differences between group A and group B, at the time of ob- 
servation, in respect of bodily structure or functions that can be measured 
and expressed biometrically? The important part played by inheritance 
in the determination of human longevity has been abundantly demon- 
strated.? A necessary consequence of the fact that there is a genetic ele- 
ment involved in longevity is that each individual organism starts life with 
some degree of pre-determination as to the probable duration of its life. 
Environmental circumstances encountered along the way may modify the 
ultimate duration achieved by each individual, but apparently never to the 
complete elimination or obliteration of the effect of the genetic element, 
when the mean longevity of a group of substantial size is considered. Does 
this genetic influence on the distribution of longevity in the group also 
manifest itself in measurable morphological and physiological character- 
istics? 

A first preliminary report of some of the results of our study of this prob- 
lem was made in 1938 (Pearl, R.,?© pp. 473-476). The present paper is 
to be regarded as a further progress report of an investigation still being 
continued. 
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1931. This life table imiposes a rather drastic selection for longevity, 
when used in this way, because its expectations of life up until well 
past 50 years of age are the highest hitherto recorded for an American 
life table based upon the general population. The rubric Longevity (—) 
means that each individual therein included was the shortest-lived white 
male to be found in the same cause-of-death series whose age at the time of 
observation fell within the same decade of age (30-39 years, 40-49 years, 
etc.) as that of some particular individual in the Longevity (+) group; and 
was, within the age decade, as close as possible to the exact age of the 
Longevity (+) individual with whom he was paired. So then the Longevity 
(+) and Longevity (—) groups of tables 1, 2 and 3 represent as precisely as 
was practically attainable the Group A and Group B of the preceding sec- 
tion of this paper. The individuals in both the Longevity (+) and Lon- 
gevity (—) groups were in substantially equal and sound health at the time of 
observation, as determined by medical examination. The observations and 
measurements, in other words, were made before the discoverable onset of 
the disease that eventually led to death. It is clearly to be understood 
that the observations and measurements in the diabetes series, for example, 
were not made upon persons having diabetes, but upon healthy persons who 
developed diabetes at some subsequent time and ultimately died of it. 

From table 1 the following points are to be noted: 

1. Inno one of the six series was the difference in the mean ages at the 
time of observation between the Longevity (+) and Longevity (—) groups 
statistically significant in comparison with its probable error. All were 
observed at average ages in the late thirties or early forties, except for the 
small diabetes series, where the mean age at observation was in the mid- 
forties. The 272 individuals ultimately to die of cancer were, on the 
average, the youngest at the time of observation. 

2. As indicated by the differences in mean ages at death the Longevity 
(+) group outlived the Longevity (—) group by average amounts ranging 
from about 21 years in the case of the diabetes series to about 36 years in 
the case of the accident series. In the other four series the smallest dif- 
ference between the (+) and (—) groups in mean age at death was 24.48 
+ ().32 years (heart), and the largest was 29.46 + 0.92 years (pneumonia). 

3. The mean number of years of survival from observation to death, de- 
rived by averaging the individual differences between ages at observation 
and death, closely parallel the differences in mean ages at observation and 
death discussed in the preceding paragraph, as must necessarily be the case. 
Nothing different in principle is brought out by this statistically more pre- 
cise method of appraising actual survival. 

4. Finally it is seen that the Longevity (+) group lived longer than the 
Dublin and Lotka life-table expectations of life proper to their ages at ob- 
servation by average amounts ranging from 5 years in the case of the di- 
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abetes series to a little over 7 years in the nephritis series. The Longevity 
(—) group, on the other hand, failed to achieve the D. and L. life-table 
expectations for their ages at observation by amounts ranging from 15.6 
years in the case of the eventual diabetics to nearly 29 years in the case of 
those dying from traumatic accidents. 

III.—Table 2 presents the mean measurements, and their probable 
errors, for the Longevity (+) and Longevity (—) groups in respect of seven 
anthropometric characteristics. The Habitus Index used (cf. Pearl”) 
is derived as follows: 

100 (Chest girth at expiration + Umbilical girth) 
Stature 


From table 2 the following points may be noted: 


Habitus Index = 


1. There was no significant difference in mean stature between the 
Longevity (+) and Longevity (—) groups, at the time of observation in any 
of the six series. All the stature means fell close to the general average of 
174.3 cm. shown by Hrdlitka’s* 727 Old American males. There appears 
to be no somatic constitutional differential in respect of stature between 
long-lived and short-lived male persons who have already lived to an 
average age of roughly 40 years when observed. 

2. The same thing was true relative to mean body weight at the disease- 
prior time of observation among those ultimately dying of pneumonia or of 
traumatic accidents. In these two series the differences in mean body 
weight between the Longevity (+) and Longevity (—) groups were ab- 
solutely small, and statistically insignificant. In the case of those even- 
tually dying from diseases of the heart and circulatory system, and of those 
dying from nephritis, the mean body weight at the time of disease-free ob- 
servation was significantly greater for the short-lived (—) than for the long- 
lived (+). The difference was more than 9.5 times its probable error in 
the heart disease series, and more than 4.4 times in the nephritis series. 
In those eventually dying from cancer, and from diabetes, the mean body 
weight was also in each case greater in the short-lived than in the long-lived 
group. But in neither case was the difference significant in comparison 
with its probable error. Final judgment in these series must wait upon the 
collecting of more material. The mean weight of 71.86 kg. for the Lon- 
gevity (+) group in the heart series is close enough to Hrdli¢ka’s* mean 
(under comparable conditions of weighing) of 69.99 kg. for 232 Old Ameri- 
can males of an average age of 37.2 years (against the 41.7 yrs. of our (+) 
heart group) to indicate clearly that the significant differences in mean 
body weight between our (+) and (—) longevity groups arise fundamen- 
tally because the individuals in the (—) heart and nephritis series were, at 
the time of disease-free observation, on the average over-weight as com- 
pared with the general run of normal American males at the same age. 
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3. In minimum (at expiration) and maximum (at inspiration) chest 
girth the Longevity (—) group exceeded, on the average, the Longevity (+) 
group to an amount that is well beyond anything likely to arise from chance 
fluctuations, in both the heart and the nephritis series. The differences in 
the means here range from 4.9 to 9 times their probable errors. In none 
of the other series could the differences between the (+) and (—) longevity 
groups be regarded as statistically significant, having regard to their prob- 
ableerrors. A clear picture regarding these other series must wait upon the 
collection of larger samples. 

4. In mean chest expansion (maximum-—minimum chest girth for each 
individual) there was a probably significant difference between long-lived 
(+) and short-lived (—) groups, at the time of disease-free observations, 
in only the heart series, where the difference was 3.4 times its probable error, 
and in favor of the short-lived (—). The difference was 2.7 times its 
probable error in the pneumonia series, and there was in favor of the long- 
lived (+) group. But in all the series the differences were absolutely small 
and it seems on the whole probable that in no cause-of-death series so far 
studied is chest expansion to be regarded as a clear constitutional dif- 
ferential between the long-lived and the short-lived. 

5. In mean umbilical girth the short-lived (—) groups were larger than 
the long-lived (+) groups in the heart and the nephritis series, but in 
neither case was the difference statistically significant in comparison with 
its probable error. In all the other four series the mean umbilical girth 
was somewhat greater in the long-lived (+) than in the short-lived (—). 
In the cancer, pneumonia and accident series the difference was in each 
case more than 3 times its probable error, and must therefore be regarded 
as probably statistically significant. 

6. The diabetes series is so small at present that any indications from 
it can only be regarded as tentative suggestions, but it is noteworthy that 
in body-weight and in all the girths the means for the diabetes series were 
much larger than those for any of the other series. The suggestion is that 
the men destined to die of diabetes present, on the average, long before 
they show any discoverable signs of the disease, the bodily picture of the 
heavy, rotund, pyknic sort of individual. 

7. Inrespect of mean habitus index the short-lived (—) groups exhibited 
higher values (i.e., tended more to the pyknic type of body build) than did 
the long-lived (+) groups in both the heart and the nephritis series. The 
difference between the two longevity groups was more than 4 times its 
probable error in the heart series and therefore statistically significant. 
In the other four series the long-lived (+) groups all exhibited higher mean 
habitus indices than the short-lived groups, though none of the differences 
can be regarded as statistically significant. Since a value of 100-101 for 
this index is about that shown by the normal euplastic individual of inter- 
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lived (+) group. The difference was definitely not significant statisti- 
cally in the accident and nephritis series. It was certainly significant 
in the heart and pneumonia series, and probably so in the cancer and 
diabetes series. In appraising the significance of the pulse rate data 
it is to be noted that the generally accepted figure for the normal average 
pulse rate of healthy adult males is 72 beats per minute. The means for 
the long-lived (+) groups in all the series obviously come much closer to 
this normal figure than do the means for the short-lived (—) groups. Itis 
perhaps not unreasonable to suppose that the heart of the average man in 
the short-lived (—) group of the heart series, for example, that had beat 
more than 18,246,000 times more in the first 41 years of ‘its life than had 
the heart of the average man in the long-lived (+) group of the same series, 
would not be likely to last so long thereafter. Many diverse lines of inquiry® 
have led to the conclusion that the duration of life in general varies in- 
versely with the rate of living. The present findings as to the compara- 
tive rate of heart beat in the long-lived and the short-lived appear to add 
further confirmation to this generalization. 

2. The mean systolic and diastolic blood pressures of the short-lived (—) 
group in the heart series were lower than those of the long-lived (+) group 
by absolutely small, but probably significant, amounts. In both groups 
the pressures were well inside the range generally regarded as normal for 
the average age of the men in these groups. The mean pulse pressure was 
higher in the short-lived (—) group, but by an amount so small as not to be 
statistically significant. 

V.—The conclusion seems justified by the evidence presented that 
groups of adult human beings of substantially identical age composition, 
and of equally sound health (freedom from disease) so far as clinically ob- 
served, but eventually exhibiting a wide difference in average longevity, 
may be significantly differentiated constitutionally, one from the other, in 
respect of a number of bodily characteristics both morphological and physio- 
logical, long before the onset of diseases that will ultimately prove fatal. 

1 From the Department of Biology, School of Hygiene and Public Health, Johns 
Hopkins University. This paper constitutes No. VIII in a series of Studies on Human 
Longevity. 

2 Cf. (a) R. Pearl, “Studies on Human Longevity. IV. The Inheritance of Longev- 
ity,’ Human Biology, 3, 245-269 (1931); (6) R. Pearl and Ruth D. Pearl, The Ancestry 
of the Long-Lived, Baltimore and London, Johns Hopkins and Oxford University Presses, 
1934, pp. xiii + 168; (c) R. Pearl, ‘The Search for Longevity,’”’ Sci. Monthly, 46, 462- 
483 (1938). See also bibliographic references given in (a) and (0). 

3 Dublin and Lotka, Length of Life. A Study of the Life Table, New York, Ronald 


Press, 1936, pp. xxii + 400. The life table is on pp. 14-17. 
4A. Hrdlitka, The Old Americans, Baltimore (Williams and Wilkins), 1925, pp. xiii 


+ 436. 
5 For a summary of this evidence, cf. R. Pearl, The Rate of Living, New York (Knopf), 


1928, pp. 185. 
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OCCURRENCE OF CRETACEOUS REPTILES IN THE MORENO 
SHALES OF THE SOUTHERN COAST RANGES, CALIFORNIA 


. By CHESTER Stock 


BaLcH GRADUATE SCHOOL OF THE GEOLOGICAL SCIENCES, CALIFORNIA INSTITUTE 
OF TECHNOLOGY 


Communicated November 6, 1939 


Recently, S. P. Welles called attention to a plesiosaur from the Upper 
Cretaceous of the San Joaquin Valley, California, and on the basis of its 
skeletal characters, long neck and short head, referred this sauropterygian 
to the family Elasmosauridae.! During the past summer, field parties 
from the California Institute of Technology explored the Moreno forma- 
tion as exposed in the Panoche Hills, northwestern Fresno County. Our 
attention was drawn specifically to this region by the discovery of reptilian 
remains by Robert T. White of the Barnsdall Oil Company. The ma- 
terials found by Mr. White proved to be on excavation a shoulder girdle, 
one flipper, a series of sixty or more vertebrae and remains of the posterior 
part of ‘the skull and jaws of a plesiosaur. Apparently the marine reptile 
represented by these remains possesses several of the characters noted by 
Welles in the plesiosaur found approximately five miles farther north in 
the Panoche Hills, although the second specimen is distinctly smaller than 
the first. 

Further search in the region where the second plesiosaur was found re- 
vealed the presence of two other types of reptiles. These represent mosa- 
saurs and an hadrosaurian dinosaur. Both types are of interest, and the 
latter particularly, because for many years no record has been made of 
the presence of these groups in Cretaceous deposits of the Pacific Coast 
of North America, although they are not uncommon in certain horizons 
of the Cretaceous found elsewhere on the North American continent. 
Discovery of these reptiles in this far western area is of considerable scien- 
tific interest and possesses great significance since among other facts derived 
from the study of the remains as well as of the occurrence, light may be 
thrown not only on the age relationships of the Moreno but also upon the 
conditions under which at least certain portions of the formation accumu- 
lated. 

The localities of occurrence of the fossil reptiles are found in the Panoche 
Hills, a region selected originally as the type locality for the two formations 
into which the Chico Cretaceous was divided by Anderson and Pack? in 
1915. These authors recognized within the upper Cretaceous Chico Group, 
as exposed along the western border of the San Joaquin Valley north of 
Coalinga, California, a lower formation which they designated the Panoche 
and an upper formation called the Moreno. The two formations are ap- 
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FIGURE 1 
Columnar section showing contact of the Moreno and Panoche formations and lower 
portion of the Moreno with California Institute localities of occurrence of fossil rep- 
tiles in the Panoche Hills, northwestern Fresno County, California. Elevations indi- 
cated in feet. 
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PLATE 1 


Figure A. View looking west showing occurrence of mosasaur skull and skeleton 
at C. I. T. Vert. Pale. Loc. 331 in Cretaceous Moreno formation, Panoche Hills, 
northwestern Fresno County, California. 


Figure B. Block containing mosasaur skull and skeleton excavated at locality 
331. Note skull (lower right) and large flippers. At upper end of block and to 
right of vertebral column may be seen the organic material representing remains of 
food from the digestive tract of this marine reptile. 
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parently conformable. The line of separation between the Moreno and 
the Panoche has been taken where a rather well defined change in relief 
occurs from the steep slopes of the Panoche sandstones to the gentler and 
rounded topography of the Moreno shale. In most places it is expressed 
also by a distinctive difference in lithology, the sandstones of the Panoche 
giving way to the black shales of the Moreno. However, at the line of 
separation the change in deposits is not abrupt but is one of transition, 
for the upper standstone members in the Panoche formation are inter- 
bedded with shales like those which occur higher in the more typical parts 
of the Moreno. The shales are cut by sandstone dikes, as noted by Ander- 
son and Pack, and at least in one instance a clastic dike of this type cut 
across a series of vertebrae of one of the marine reptiles entombed in the 
deposits. Not far above the highest fossil reptile occurrence, namely, at 
approximately 700 feet above the base, the characteristic dark shales of 
the Moreno are replaced by lighter colored shales. 

As shown in the columnar section, figure 1, all the reptile localities thus 
far uncovered in the Panoche Hills by the California Institute occur in the 
Moreno formation. Their presence appears to be restricted to the lower 
700 feet of the Moreno and fossil remains are found at various levels 
throughout this thickness. The specimen of an hadrosaurian dinosaur 
occurred approximately 100 feet above the base of the Moreno. Remains 
of plesiosaurs and mosasaurs were found higher in the section. Skull and 
skeletal parts are encrusted with gypsum and the specimens are usually 
rather well preserved. Apparently complete skeletons are rare, but parts 
of skeletons and skulls are not uncommon. In one instance, what appear 
to be gastroliths were found in association with plesiosaur remains. An- 
other individual, in this instance a mosasaur, consists of a considerable 
portion of a skeleton with the skull (plate 1) found at locality 331. In 
this specimen organic material including fish remains and representing 
apparently food from the digestive tract of this marine reptile lay beneath 
the presacral portion of the vertebral column. Elsewhere in the reptile- 
bearing shales of the Moreno occur specimens of fossil wood, and fish re- 
mains as well as fossil invertebrates are found occasionally. 


1 Welles, S. P., Abstract, August, 1939, meeting of the Paleontological Society, 


Berkeley, California. 
2 Anderson, R., and Pack, R. W., U. S. Geol. Surv. Bull., 603, 46-57, pl. 5 (1915). 
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ON CAUCHY’S INTEGRAL THEOREM IN THE REAL PLANE 
By KarL_ MENGER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NoTRE DAME 
Communicated November 8, 1939 


1. Introduction.—In a rectangle R let p(x, y) and g(x, y) be two continu- 
ous functions, and associate with each rectifiable curve C the number 
J(C) = Se pdx + qdy. Under which conditions is J the same for any two 
coterminal curves in R? 

The ordinary conditions are based on the existence of partial derivatives 


of p and gq, or at least of py = 3? and q, = ot everywhere or at least al- 
most everywhere, and on the equality of p, and g, everywhere or almost 
everywhere. However, as the following example shows, no assumptions 
whatever about differentiability are necessary in order that the integral be 
independent of the path. Let f(z) be any continuous but nowhere differen- 
tiable function of one real variable z, and set p(x, y) = g(x, vy) = f(x + y). 
Although neither p nor g has any partial derivative, {pdx + qdy is inde- 
pendent of the path. 

We shall formulate a geometric condition that is both necessary and 
sufficient. The two classical sufficient conditions (viz., that p and g have 
differentials at each point of R, though their partial derivatives need not 
be continuous, or that , and q, are continuous) directly imply our general 
condition; the second even after being generalized to such an extent that | 
existence, continuity and equality of p, and qj are merely required at de- 
numerably many points (thus almost nowhere). Besides also nowhere 
differentiable cases subsume under our general theorem. 

Just as in the metrical treatment of line integrals in the calculus of varia- 
tions!) it is useful to associate with any two points % = (xo, yo) and 2, = 
(x1, yi) beside their Euclidean distance 6(z0, 2:) another (‘‘variational’’) dis- 
tance, viz., 


51(Z0, 21) = P(X0, Yo).(%1 — x0) + Yo).(91 — Yo); 


and with each polygon Z = [21, 2, ..., 2,] beside its Euclidean length 
\(Z) = 6(z;, 2; + 1) a variational length, viz., = 2 6:(z;, 3:4). Since 
\,(Z) for a polygon Z inscribed in the curve C isa Riemann sum of f¢ pdx + 
qdy, the number J(C) is nothing but the length of C derived from the 6,- 
distance. 

2. Nets and Dotted Nets—Let R be the rectanglea <x <d),c<y<d. 
We call rectangular net of points in R a matrix of points 2;; = (x;, y;) [xo = a, 
Xm+1 = 5, = 6, Vn 41 = 
n+ 1]. 
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Let Z = 2;;bearectangularnet. 
we form X;;, a finite ordered set of points between z;; and 2; + ,; and includ- 
ing these points; for 7,7 withO <i <m+1,0<j < we form Y;;,a 
finite ordered set of points between 2;; and 2;; + ; and including these points. 
The set Z’ = =X;; + XY;; will be called a dotted rectangular net derived from 
Z. In the following we shall apply this name merely to dotted rectangular 
nets with the property that for each i (0 < i < m) the n + 2 sets Xj; 
(0 <j < m + 1) have the same horizontal projection, and for each j the 
m + 2sets Y;; have the same vertical projection. The points of the dotted 
net then may be denoted by 


= (Xe OS tS OSG 
and = (%% (OS 
where X00 = 4, b, Xip < S Xp, — 
yo = 6, = < < = = 


Z’ is undotted (= Z) ifk; = 1,4, = lfor0 <icm,0<j<n. The 
segmentsx = x,,¢< 
will be called the threads of Z’. 

By the mesh ;; of Z’ we mean the quadrangle 2;;, 2; 2 +15 +1 
bounded by the polygons X;;, Yi;, Xi;+1, Yi+1;. By vj; we denote the Eu- 
clidean length of the longest of these four polygons (that is, in our rectangu- 
lar case, the greater of the two numbers x; +; — x; and y; +1 — 4;), by u,; the 
area enclosed by the four polygons (in our rectangular case, the area of the 
rectangle). The largest of the numbers »;; will be called the norm of the 
dotted net Z’ and denoted by »(Z’). 

3. A Necessary and Sufficient Condition.—For the mesh M;; we set 


Bij 


Pij 


\, denoting the variational length (see introduction). The largest of the 
numbers p;; will be called the quotient of Z’ and denoted by p(Z’). 

In this terminology we can prove: In order that in the rectangle R the 
integral J(C) = fc pdx + qdy be independent of the path it is necessary and 
sufficient that for each « > 0 there exists a dotted rectangular net in R for which 
both norm and quotient are < ¢«. Since, as is well known, the functional 
J(C) is continuous, there is no difficulty in extending the theorem to non- 
rectangular domains. Moreover it is clear that the rectangular character 
of the nets is inessential. The dotted rectangular nets in our general condi- 
tion may be replaced by dotted quadrangular nets of points that can be ob- 
tained from dotted rectangular nets by deforming their threads provided 
that »;; denotes the Euclidean length of the longest of the four polygons 
bounding the mesh ;;, and y;; the area bounded by these four polygons. 


5 
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Our condition implies that im order that J(C) be independent of the path 
it is sufficient that for each « > O there exists a rectangular (or quadrangular) 
undotted net of points whose norm and quotient are < «. If Mj; is a mesh of 
an undotted rectangular net, then each of the four polygons that form the 
boundary of /;; consists of two corners of a rectangle, and we have \,(X;;) 
hence 


Thus our sufficient condition implies that the difference of the difference 
quotients of gq with respect to x, and of p with respect to y tend toward 0 
without assuming that these difference quotients themselves tend toward 
any limit, i.e., without assuming the existence of the partial derivatives q; 
and p;. The question of the necessity of our last condition is open. 

4. The Goursat-Heffter Condition.—For a given p and g and a given e > 
0, a rectangle R’ of area | R’ | will be called an e-figure if Jp pdx + qdy < 
e| R’|. If both p and q have total differentials at each point z = (x, y) of 
R, then for each e > 0 and each point z there exists a circle C,(z) with z as 
center and the following property: each rectangle R’ with sides parallel 
to the axes and contained in C,(z) is an e-figure. Now, if R* is a rectangle 
in the e-neighborhood of R interior to R, we can associate with each point 
z of R* a rectangle R(z) that is an e-figure contained in C,(z) and in R, and 
containing z in itsinterjor. A finite number of these rectangles R(z) covers 
R*. Extending the sides of these rectangles to the boundary of R we get 
the threads of a rectangular net of points from which we can derive a dotted 
net of points whose quotient is < «. Interpolating other vertical and hori- 
zontal threads, if necessary, we get a dotted rectangular net for which both 
norm and quotient are < «. Thus R satisfies our general condition. It 
is clear that we even might admit points at which p and g do not have dif- 
ferentials provided that the set of these points can be covered by a finite 
number of rectangles whose total area is arbitrarily small. 

5. A Sufficient Condition Generalizing the Continuity of p, and qy.— 
Let « > 0 be given and assume the existence of 1) a set A, dense in R such 
that for each point (x, y) of A, we have | p.(x, y + 0) — gi(x + 0, y) | <e 
where these numbers denote the right partial derivatives of p and g at 
(x, y), and 2) a number 6, > 0 such that for each point (x, y) of A, and 
each positive 6 < 6, we have 


| pa(x, y + 8) — pa(x, +.0)| <e and |gi(x + 4, — a(x +0,y)1 < «. 


‘ 

| 

é 
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Then R contains even undotted rectangular nets of arbitrarily small 
norms whose quotients are < 3e. Thus if the conditions 1) and 2) are satis- 
fied for each « > O, then the sufficient condition of section 3 holds. 

The hypothesis 2) may be weakened. It is sufficient to assume that 
along the short vertical and horizontal segments through the points (x, y) 
of A, the upper and lower derivatives p2, P2, qu g; do not differ too much 
from p,(x, y + 0) and gi(x + 0, y), respectively. We need not assume 
the existence of the partial derivatives p, and g; along these segments. 
In the hypothesis 1) it is sufficient to assume that the sets A, are denumer- 
able or even finite provided that they are sufficiently dense in R. At any 
rate, by considering the set A; + A1), + A1,, + ... we see that it is only at 
the points of a denumerable set that we require the existence and approxi- 
mative equality of partial derivatives p, and 1, or more precisely, of right 
derivatives only. 

6. Nowhere Differentiable p and g.—Let f be a continuous function of 
one real variable, and consider the integral ff(x + y)(dx +dy). If Mj; is 
any mesh of any rectangular net of points, we have 


[P(xj, 41 — + +1 41 — 
41 — + 41)-C4 41 — 
+ +1 — + + 4% 4:1 — 


If M;; is a square then this expression is 0, and hence pj; = 0. Conse- 
quently, there exist undotted square nets of points (i.e., nets consisting of 
the corners of squares) whose norms are arbitrarily small and whose quo- 
tients are exactly 0. In particular, this holds for the case mentioned in the 
introduction in which f is nowhere differentiable. In a similar way 
JS f(ax + by)(adx + bdy) admits undotted nets of rectangles of a certain 
shape whose norms are arbitrarily small and whose quotients are exactly 0. 

A sufficient condition for the independence of {pdx + qdy of the path is 
the existence of one sequence of undotted rectangular nets of points whose 
norms and quotients tend toward 0. As a further remark Dr. A. Wald 
pointed out in a conversation that if al] rectangular nets of points whose 
norms are sufficiently small have arbitrarily small quotients, then the par- 
tial derivatives p, and g; necessarily exist. This remark shows clearly in 
which respect the classical arguments are redundant, viz., that they im- 
plicitly make assumptions for al] nets which, according to our theorem, it 
is sufficient to make for one sequence of nets, this latter assumption being 
at the same time necessary. 

Clearly our method is also applicable to higher dimensional integrability 
conditions and to the theory of complex functions. 


i 
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In concluding I wish to express my thanks to Dr. A. N. Milgram and Dr. 
A. Wald for several suggestions simplifying the formulation and the proofs 
of the theorems presented in this paper. 


1 Proc. Nat. Acad. Sct., 23, 246-248 (1937) and 25, 474-478 (1939), and Ergebnisse 
eines mathematischen Kolloquiums, 8, Vienna (1937). 


AN ERGODIC THEOREM FOR GENERAL SEMI-GROUPS 
By GARRETT BIRKHOFF 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated November 10, 1939 


1. A New Definition of Limit.—By an ‘‘ergodic theorem,’’ one means a 
theorem which asserts that the averages of the transforms of an element 
converge to a limit. 

As has been pointed out to the author by L. Alaoglu, the formulation 
of an ergodic theorem for general groups or semi-groups requires a general 
notion of limit.'_ We shall first give a new definition of limit, which seems 
to be appropriate for formulating ergodic theorems. 

Let {x.} be any set of elements of any topological space, and suppose a 
transitive relation x, < xg (read, x, is a successor of x,) is defined on this 
set. We shall say that {x,} “converges” to a limit a (in symbols, x, — a) 
if and only if the following condition holds. Given any neighborhood 
U(a) of a, every x, must have a successor xz, all of whose successors lie 
in U(a). 

It is easy to prove that such a generalized ‘‘directed set’’ converges to at 
most one limit. Also, the above definition specializes to Moore-Smith con- 
vergence in the usual sense if the set has the property of Moore-Smith.’ 

2. An Example.—The suitability of the above definition of convergence 
for general ergodic theorems follows from a very simple construction. 

Let G be any semi-group of linear operators on topological linear space 
%, and let be any element of ¥. We can order the means of the trans- 
forms £7, of ¢ as follows. We shall say that one mean is a “‘successor’’ of 
another mean, if and only if it is a mean of its transforms. 

Stated in another way, denote by Yc,t7, any mean of transforms of 
under transformations 7, of G. By the “successors” of this mean, we 
intend the means 


b a a,b 


Analogously, one can call the successors of a distribution function over 
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any semi-group, its convolutions with other distribution functions; but 
the above example is typical. 

3. Special Case.—We shall deal below with the case that G is a semi- 
group of linear isometries or contractions, and X is a so-called Euclidean 
space of finite or infinite dimensions, such as Hilbert space.* 

Absolutely no restriction will be placed on G otherwise, and the argument 
will be elementary throughout; we only use the fact that the transforma- 
tions of G do not increase norm, and are closed under transformation- 
multiplication. 

Let § denote the set of fix-points of X—i.e., of elements é satisfying £7, = 
t for every 7, of G. 

Lemma 1: 4% is a closed subspace. 

The proof is trivial; § is a subspace since the 7, are linear operators, and 
closed since they are continuous. 

LemMA 2: The orthogonal complement %’ of § is transformed into itself 
by every element of G. 

This curious fact can be proved as follows. Let £« §’ be given; we can 
assume |é| = 1 without losing generality. Write £7, = » + ¢, where 
ne andfe%. This is possible since § and §’ are complementary sub- 
spaces. Now form ¢ + cé, where c is a variable scalar. Expanding, we 
will have for all c, 


(¢+ c)T, + 
whence 


But since 7, is an isometry or contraction, we have 
Combining, we get the identity in c, 


and so | ¢ | S c*/(2c + c*) for allc. From this, letting c tend to zero, we 
conclude l¢ \2 = 0, ¢ = 0 and £7, is an element 7 of %’, q. e. d. 

Lemma 3: Any closed convex set © of ¥ has a unique point nearest 0. 

ProoF: This depends on uniform convexity. In fact, let M be the 
infimum of the norms of the elements of ©, and let » and n’ be two elements 
of S whose norms are at most M +; without loss of generality, we can 
assume |n’| < |»| < 1. Then the norm of 3(n + 7’) is at most || — 
— = M+e—4|n — n'|®, and at least M since © is convex. 
Therefore |» — 1’ | S 4e, and so |» _ n’| tends to 0 uniformly with e. 
It follows that any sequence of elements of S with norms bounded by M + 
1/n, converges metrically to an element of S of norm M, and that this is 
unique. 
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Lemma 4: Let ébe any element of §’. Then the closure © of the convex 
hull of the transforms of ~ contains 0. 

Proor: By Lemma 2, © isa subset of §’. Hence it is sufficient to show 
that © contains a fix-point, for such an element will be in both § and §’, 
and so 0. 

But since (2c¢,§7,)T, = 2c,&(T,T;), clearly the convex hull is carried 

a a 


into itself by every 7,¢G; and since every such 7; is continuous, so is its 
closure G. But since every 7; is an isometry or contraction, it carries the 
(unique) nearest point of © into a point of S equally near 0—hence into 
itself. 

4. MAIN THEOREM. With the aid of the lemmas proved above, it is 
easy to prove the following 

Ercopic THEOREM: Let G be any semi-group of linear operators on a 
finite or infinite-dimensional Euclidean space, which do not increase dis- 
tance. Then the means of the transforms of any element of the space 
converge in the sense of §§1-2 to a fix-point. 

Proor: In the notation of §3, any element é can be written 7 + £ (nef, 
fe’). Since we are dealing with linear operators, any transform £7, of 
can be written 7 + ¢’, where by Lemma 2 ¢’e’. Since §’ is convex, any 
mean of transforms of ¢ can be written in the sameform. Hence by Lemma 
4, it has a “‘successor”’ in the sense of §§1-2 (i.e., a mean of transforms) of 
the form 7 + ¢”, where | = | is arbitrarily small. Finally, since 7 is a fix- 
point and we are dealing with isometries and contractions, all ‘‘successors”’ 
of this mean will be equally near 7. 

In summary, the means of the transforms of & “‘converge’’ to its or- 
thogonal projection on §! 

5. EXTENSION OF MAIN THEOREM. Ina sequel, the above theorem will 
be extended to a class of transformations of the space (ZL) and its finite- 
dimensional analogues; this will apply to the theory of dependent proba- 
bilities. 

A detailed study of the general case, of the definition of convergence given 
above and of its relation to the theory of almost periodic functions over 
general groups, will be made in a joint paper by L. Alaoglu and the author. 
In this paper an example will be given showing that the theorem above no 
longer holds either for isometries and contractions of general uniformly con- 
vex spaces, or for semi-groups of linear operators of bounded modulus on 
Euclidean spaces. 

1 This is not the case for the cyclic groups and semi-groups usually considered, or even 
for the case of m-parameter groups treated by N. Dunford, ‘“‘An Ergodic Theorem for n- 
Parameter Groups,” Proc. Nat. Acad. Sci., 25, 195-196 (1939), and Wiener. 

2 Cf., ““Moore-Smith Convergence in General Topology,” Ann. Math., 38, 39-56 (1937). 


3 In the sense of M. H. Stone, Linear Transformations in Hilbert Space, New York, 
1932. Our restriction on G is simply that S for all T G and £ « 
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GENERAL ERGODIC THEOREMS 
By L. ALAOGLU AND G. BIRKHOFF 


DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 


Communicated November 10, 1939 


1. Generalities —By an “‘ergodic theorem,” we mean a theorem assert- 
ing the convergence of the means of the transforms 7, of an element of a 
linear space E, under a group or semi-group G of linear operators T,, to a 
limit fix-point. The present note is a sketch of a new approach to ergodic 
theorems over general semi-groups; details will be given elsewhere. 

The first problem is to define convergence for general semi-groups. This 
can be solved by a new definition of convergence with respect to any transi- 
tive ordering, which specializes to Moore-Smith convergence.! The 
definition is independent of the existence of any measure or topology on the 
semi-group. In this it resembles von Neumann’s definition of the mean of 
an almost periodic function on a group, which it contains.” 

For definiteness, we shall assume that E is a Banach space, and the 
norms of the 7, are uniformly bounded; we shall not assume that G is 
commutative 

Ergodicity cannot be proved without further restrictions. In fact, there 
is a well-known cyclic group of linear operators of norm one on the space 
(L), under which the means of the transforms of most elements do not 
converge at all. 

Accordingly, let us define an “ergodic element,” as an element the 
means of whose transforms converge to a fix-point. It can be shown that 
the set of ergodic elements is always a closed subspace, “invariant” in the 
sense of being transformed within itself by every T,. This permits one 
to treat its quotient-space by similar methods. 

Also, the closed convex hull of the transforms of any ergodic element 
contains a unique fix-point. In fact, 

THEOREM 1: Ali the elements of E (or an invariant subspace) are er- 
godic, if and only if the closed convex hull of the transforms of every element 
contains one and only one fix-point. 

2. The Minimal Method.—If G is Abelian, then the means of the trans- 
forms of any have the property of Moore-Smith: any two have a common 
“successor.” Hence in this case (the only one treated in the literature’), 
there can be only one fix-point. But one can show! 

THEOREM 2: If Zis “uniformly convex,” and the 7, are of norm at most 
one, then the closed convex hull of the transforms of any element contains 
at least one fix-point, namely, the unique point nearest the origin. 

Corotiary: If G is Abelian in Theorem 2, then every element of £ is 


ergodic. 
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However, in the non-commutative case, we can have the new phenomenon 
of more than one fix-point. In fact, there is a two-element semi-group of 
linear contractions of a uniformly convex plane, under which the closed 
convex hull of the transforms of some elements include infinitely many 
fix-points. 

3. The Method of Nearly Invariant Measures.—Our purely algebraic 
definition of “‘convergence’’ for the means of the transforms of an element 
is equivalent in the cases treated in the literature to the more familiar notion 
of convergence with respect to a sequence of measures. 

To establish this equivalence, we define a group or semi-group as “er- 
godic,” when it has a sequence of measures m,(V) with the properties (i) 
m,(G) = 1 for all m and (ii) given 7, ¢ G, for sufficiently large m, m,(T,V) 
and m,(VT,) differ arbitrarily little from m,(V) for all V. In other 
words, right- and left-multiplication change the measures increasingly 
little asu — 

The mth means in the cyclic case, and the means used in the case of r- 
parameter Abelian semi-groups, are examples of such means used in the 
literature. Group measures furnish other examples, and quite new ex- 
amples can be constructed. 

Then assuming as usual that the integrals (nth means) 


My = 


are defined (for which there are various sufficient conditions in special 
cases), one can assert 

THEOREM 3: An element £ is ‘‘ergodic’”’ with limit fix-point y, if and only 
if asn— o, 

This shows that our new definition of ergodicity is a true generalization 
of the usual concept: it is equivalent to the latter wherever the latter is 
defined. It follows a posteriori, that the usual concept of ergodicity is 
really independent of the choice of an ‘‘ergodic sequence” of measure func- 
tions, and depends only on the existence of such a sequence. 

But applying the usual concept, and a modification of a construction of 
F. Riesz,‘ we can show that if the &7, lie in a weakly compact set, then £ is 
ergodic in the usual sense—and hence by Theorem 3 in our sense. A host 
of special corollaries follow from this, including most known mean ergodic 
theorems, and new results in the theory of dependent probabilities. 

4. The Method of Invariant Means.—One can weaken the assumption 
that a sequence of nearly invariant measures are definable on G, to the 
hypothesis that ‘“‘means” are defined for bounded functions on G. 

A linear functional Mf(T,) defined on the space of bounded real functions 
f(T;,) on G is called a ‘‘mean’”’ if it is non-negative for non-negative functions 


~ 
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and gives to f(T,) = 1 the mean Mf = 1. It is called right-invariant if 
Mf(T,T,) = Mf(T,), left-invariant if Mf(T,T,) = Mf(T,), for all T, € G. 

In the case we treat, if M is a mean, clearly Mf(tT,) exists for every 
§ « FE and f in the adjoint E* of E£, and is a linear functional ¢ on E* for 
each ¢. If M is right-invariant, then ¢; is a fix-point for all the second 
adjoints ices of the 7,. If ¢; is in £, it is in the closed convex hull of the 
transforms of £.5 If the closed convex hull of the transforms of £ is weakly 
bicompact, which is the case if E is reflexive, then ¢; will be in E. 

On the other hand, if is left-invariant, and if the closed convex hull 
of the transforms of £ contains a fix-point yu, then f(u) = Mf(éT,), so that 
wis unique. Thus in this case, ¢ is ergodic if and only if the closed convex 
hull of its transforms contains at Jeast one fix-point. Hence if a right-in- 
variant mean also exists, will be ergodic if the closed convex hull of its 
transforms is weakly bicompact. So 

THEOREM 5: If right- and left-invariant means exist for G, and if the 
closed convex hull of the transforms of ~ is weakly bicompact, then & is 
ergodic. 

But if G is Abelian, a construction of Banach shows that such means 
always exist (they also exist for certain other G)* giving an obvious corol- 
lary. We also note that if such means exist, the transformation ¢ on E 
to E**, which is always linear, defines a projection of the set of ergodic 
elements to the set of fix-points which is commutative with every 7,; in 
fact, this follows from our original definition. 


1 Cf. the preceding note, ‘“An Ergodic Theorem for General Semi-Groups,” §1. 

2 J. von Neumann, ‘‘Almost Periodic Functions on Groups,” Trans. Am. Math. Soc., 
36, 456-89 (1934). 

3 N. Dunford, ‘‘A Mean Ergodic Theorem,” Duke Jour., 5, 635~646 (1939), and papers 
(including Wiener’s) cited there. 

*F. Riesz, ‘Some Mean Ergodic Theorems,” Jour. Lond. Math. Soc., 13, 274-278 
(1938). 

5 T. H. Hildebrandt, ‘“‘On Bounded Linear Functional Operations,” Trans. Am. Math. 
Soc., 36, 875 (1934); S. Mazur, “Uber konvexe Mengen in linearen normierten Raumen,” 
Studia Math., 4, 70 (1933). 

6 J. von Neumann, ‘‘Zur allgemeinen Theorie des Masses,”’ Fund. Math., 13, 73 (1929). 
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SOLUTION OF THE INVERSE PROBLEM OF THE CALCULUS OF 
VARIATIONS 


. By Jesse DoucLas 
BROOKLYN, N. Y. 


Communicated October 18, 1939 


1. Introduction.—One of the most important hitherto unsolved prob- 
lems of the calculus of variations is the so-called ‘inverse problem,” namely: 

Given any family of ©" curves (paths) in (n + 1)-dimensional space 
(x, ¥;), (@ = 1,..., 2), as represented by a system of differential equations 


= Fix, @=1,....9); 


to determine whether these curves can be identified as the totality of extremals of 
a variation problem 


S yi = min., (1.2) 


and 1n the affirmative case to find all the corresponding functions ¢. 

The author has recently been able to find a complete solution of this 
problem. The purpose of this note is to announce and to present the essen- 
tial features of this solution. A fully detailed account has already been 
prepared and will appear in the Annals of Mathematics. 

2. Important progress toward the solution of the inverse problem was 
made by D. R. Davis in a Chicago dissertation of about a decade ago. 
Following the work of Hirsch and Kiirschak in other cases of the inverse 
problem,* he proved that the self-adjointness of the variational system, 
6w;, of the ‘“‘Euler expressions,”’ 


is a sufficient as well as necessary condition for distinguishing the Euler sys- 
tems among those of the general form o;(x, y,, js yi). The problem is 
thus transferred to the determination of multipliers P;;(x, +,, yz) of the 
equations (1.1) such that the variational system, 5£;, of the differential ex- 
pressions 


E; = — (2.2) 


is self-adjoint.* 

Davis finds that these multipliers P;; are the solutions of a certain linear 
differential system. Difficulties arise, however, in attempting to solve this 
system in the general case, and Davis contents himself with the considera- 
tion of certain three particular examples. 


| 
d 
oy; dx oy; ( ’ ’ ( ) 
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3. The same differential system,‘ called S, occurs in our work, but is ob- 
tained by a different method and interpreted from a different point of view. 
We arrive at S as a consequence of certain identities (5.1, 5.2) concerning 
the Euler expressions w;. To be sure, in the last analysis, these identities 
are but expressive of the self-adjoint nature of 6w;; nevertheless this inter- 
pretation is not relevant to our purpose, and indeed the whole idea of self- 
adjointness plays no réle in our theory. 

Our essential contribution consists in the complete solution of the system S, 
resulting particularly in a general method for distinguishing extremal and 
non-extremal families. As a special application, we give incidentally, in 
(6.2), (6.3), the first actual examples of non-extremal families. 

By solution of S, we mean, of course, an existence-theoretic one, i.e., the 
determination of the consistency of the system and of the arbitrary con- 
stants or functions involved in its general integral. 

In §§7, 8 a tensor form of solution is presented, employing parametric 
representation and covariant differentiation with respect to the given space 
of paths. 

4. The extremals of (1.2) are defined by the Euler-Lagrange equations 


(4.1) 


where the operator d/dx denotes total differentiation along a path: 


—=— +5 4.2 

Analytically expressed, our inverse problem consists then in the solution 


for ¢, as unknown function, of the differential system 


the functions F; being given. Further, these equations must be solvable 
as a linear algebraic system for F; or yj, in order that the differential equa- 
tions of the extremals may have the prescribed form (1.1). Therefore a 
solution of (4.3) is required such that 


Det | Gij | ~ 0, (4.4) 


The determinant (4.4) is, of course, the Hessian of ¢. 


(4.5) 


rey) d 0¢ 
—— os (¢ = 1,..., 2), | 
Oy; dx dy; 
: 
where 


iS 


yn 


VoL. 25, 1939 MATHEMATICS: J. DOUGLAS 633 


For the case n = 1, of a 2-dimensional containing space, the solution of 
the inverse problem has long been known and is given in the standard text 
books.’ The system (4.3) then consists of but a single equation, whose 
solvability for ¢ is assured by standard existence theorems. 

The difficulty of the problem resides in the case n = 2, i.e., for a 3- or 
higher dimensional space. 

5. The Fundamental Differential System S.—As stated in the introduc- 
tion, our method depends on replacing the Euler-Lagrange system (4.3) by 
a more easily manageable system S, where the unknowns are the n(n + 1)/2 
functions ¢;; defined by (4.5). 

This transformation is based on certain identities which we establish, 
involving the Euler expressions (2.1), namely: 


d OF, OF, 
dx oy; oy; oy; ov; 2 oy; Ov, ov; 
1 OF, Ow; 
5 af + dy! + — = 9, (5.2) 
where 
OF, 1 OF, OF, . (5.3) 


dy; 2 dy; 


If the Euler-Lagrange equations are satisfied, i.e., w; = 0, these identities 
imply the following system of equations for ¢;;: 


d 1dF, 
— = 9. (5.5) 


We also have evidently by (4.5) 


(5.6) 


oy, dy; 
and we take explicit notice of the symmetry of ¢;; in its indices: 
ij = (5.7) 


The linear differential system consisting of the equations (5.4)—(5.7) and 
the inequation (4.4): 


1 
Cc 
e 
le 
ff 
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Det | | 0, (5.8) 


will be denoted by S. 

Conversely, we prove the 

ProposiTIon.® To every solution ¢;, of the system S there corresponds a 
solution y, with non-vanishing Hessian, of the Euler-Lagrange equations (4.3), 
¢ being related to 9;; by (4.5). For a given system ¢;;, the function ¢ is uni- 
quely determined except for the inevitable addition of an arbitrary exact differ- 


ential to 
The addition of the exact differential is inevitable because, as is obvious, 


this has no effect on the extremals. 

6. In our detailed paper we have given a complete solution of the system 
S by means of the standard theory of differential systems.” 

This general method of solution is then applied to provide a full discus- 
sion of the most important and sufficiently typical case of 3 dimensions 
(n = 2), with enumeration of all the possible types. The classification is 
arranged to a large extent according to the rank of a certain matrix. 


|A: Bi Gy 
Ac Be Ce (6.1) 
As; Bs Cs; 
whose elements are known functions depending on the given curve family. 


In order that a given family of ~‘ curves in the 3-space (x, y, 2), as de- 
fined by differential equations 


y” = Pe, 7,8), = Gs, % 


be an extremal family, it is at least a necessary condition that the deter- 
minant of the preceding matrix shall vanish. By non-satisfaction of this 
condition, therefore, examples of non-extremal families can be constructed 
ad libitum; for instance, 


Way (6.2) 


is a non-extremal family. Many others can be found by means of other 
necessary conditions occurring in our work, e.g., 


rr, (6.3) 


7. Tensor Form of Solution—We conclude our detailed paper with a 
tensor form of solution of the inverse problem, which has the advantage of 
greater symmetry and perspicuity of the formulas. 

Parametric representation is employed throughout; we take the given 
system of paths in the form® 
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the functions H' being homogeneous of the second degree in the arguments 
p’, while the variation problem is sought for in the form 


S V(x), p’)dt = min. (7.2) 


where y is homogeneous of the first degree in the p’. 

Covariant differentiation based on the given space of paths is used in- 
stead of ordinary partial differentiation.’ Covariant differentiation as to 
x° will be denoted by a comma followed by the letter c, and the operation 
0/dp* (also a covariant process) by a dot followed by k. We also define 
an operator 6 signifying covariant total differentiation as to ¢ along a path: 


= Ti 6; (7.3) 
(a) 


where 7(; denotes a tensor with any system (a) of contravariant indices 
and (b) of covariant indices. 
The Euler vector of the scalar y is, by definition, 


— (7.4) 
We find that this obeys the following identities (tensor form of (5.1), (5.2)): 
+ + = 0, (7.5) 
1 a a 

Here 

while 


Boa; = 
where Bj,; denotes the curvature tensor of the given space of paths. 
The Euler-Lagrange equations, w; = 0, then give: 


by,; = 0, (7.7) 
BoxjVia = 0. (7.8) 
To these we adjoin the obvious equations: 
= Vir.js (7.9) 
Vig = Vir (7.10) 


= 0. (7.11) 


J 
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The last follows by Euler’s equation from the zero degree homogeneity of 
y.;, implied by the first degree homogeneity of y. 
We must include also the condition 


Rank of || y,; || = 1 — 1. (7.12) 


The system (7.7)—(7.12), for the tensor W;; as unknown, is the fundamental 
differential system S in the tensor form of solution. 
8. Among the consequences of the system S we may notice 


Vij, k = Vir, (8.1) 


and 
+ Bardia + = 0, (8.2) 
where BS;, = p'B%,. In fact, (8.2) implies (7.8) in the presence of the 
equations (7.11), so that (7.8) may be replaced by (8.2). 
We can transform (8.2) into a form invariant under change of parameter 
on the paths with the use of the Weyl tensor W},; or its related tensor 


Wen = Wyn. 
In these terms, (8.2) becomes 
+ + = 9. (8.3) 


By a discussion based on this equation, we prove as incidental result the 


following theorem: 
Every family of paths whose Weyl tensor vanishes is an extremal family. 
Another way of expressing this result is: 
Every space of paths whose Weyl tensor vanishes is identifiable with a Finsler 


space of paths. 
A Finsler space, as is well known, is one whose length-element is ds = 
¥(x, dx), this being the element of integration in (7.2). The paths of a 


Finsler space are its geodesics, the extremals of {y(x, dx) = min. 


1D. R. Davis, ‘The Inverse Problem of the Calculus of Variations in Higher Space,” 
Trans. Amer. Math. Soc., 30, 710-736 (1928). This paper deals with the 3-dimensional 
case. It was followed by ‘‘The Inverse Problem of the Calculus of Variations in a 
Space of (n + 1) Dimensions,’”’ Bull. Amer. Math. Soc., 35, 371-380 (1929), by the same 
author. These papers will be referred to respectively as I, II. 

2 For historical remarks and references, see the introduction to II. 

3 In reference to (2.2), the summation convention is applied to repeated indices throughout 


this note. 
4 Except that Davis does not make explicit the réle of the inequation (5.8) of our sys- 


tem S. 
5 See Bolza, Lectures on the Calculus of Variations, New York, 1931, pp. 31-32. 
6 Cf. I, pp. 717-719; II, p. 375, et seq. 
7 As presented, for example, in the treatises of C. Riquier, M. Janet and J. M. Thomas. 
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The discussion in Janet, Legons sur les Systémes d’ Equations aux Dérivées Partielles, Paris 
1929, pp. 74-75, is particularly relevant. The other references are: C. Riquier, Les 
Systemes d’ Equations aux Dérivées Partielles, Paris, 1910, and J. M. Thomas, Differential 
Systems, New York, 1937. : 

8 See the author’s paper ‘‘The General Geometry of Paths,” Ann. Math., 29, 143-168 
(1928). 

9 For the definition of covariant differentiation, see formula (9.2) of the paper cited 
in the preceding footnote. 


THE GENERALITY OF FINITE ABSTRACT COMPLEXES 
By WILLIAM W. FLEXNER 


DEPARTMENT OF MATHEMATICS, CORNELL UNIVERSITY, AND INSTITUTE FOR ADVANCED 
Stupy 


Communicated November 10, 1939 


1. Let A be a finite abstract complex as defined by S. Lefschetz! fol- 
lowing A. W. Tucker, W. Mayer and J. W. Alexander. An open subcom- 
plex C of an abstract complex D is a subset of D (order, dimensions and 
incidences in C determined by those in D) such that x e C and y > x im- 
plies ye C. It will be shown here that for every A there is an open sub- 
complex B of a simplicial complex such that the following homology groups 
using integer coefficients are isomorphic: 


H"(A) H***(B), q arbitrary, (1) 


where a = 0 if A has no elements of negative dimension and no zero-dimen- 
sional torsion coefficients and otherwise a > 0. A result of Steenrod’s? 
shows that relation (1) then holds for any coefficient group. One of the 
principal uses of an abstract complex being to carry a homology theory, the 
present result shows that in this respect and for the finite case simplicially 
realizable complexes are as general as any abstract complexes. 

2. Let || d;; || be the normal form of the p, p — 1 incidence matrix of 
A, and give each row of this matrix a name, E?, and each column a name 
E?~?. If this is done for each row and column of all the simultaneously 
reduced incidence matrices of A, the set {E£} may be made an abstract com- 
plex C by defining as incidence relations [E?: E?~*] = 6,;. Obviously 


= H%(C) arbitrary. (2) 


Because the normal matrices are diagonal and FF = 0 in C, [E?: E?~'] # 
0 implies that all other incidence relations involving either Ef or E?~ 
are zero. 

3. Suppose that for some i [E?:E?~*] = k ¥ 0,1, —-1. This cannot 
happen in a simplicial complex, so to make C simplicial each such pair 
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E?, E?~* must be replaced by a complex D? with the same homology 
groups and no incidence relations of absolute value greater than 1. The 
situation described in the last sentence of No. 2 makes it possible to do this 
without disturbing the rest of C. 

I. The following adaptation to abstract complexes of “Subdivision by 
Section’’* replaces a complex G by a complex G’ with the same homology 
groups: If E? «eG and FE? = C?~' + Cf~' where C?~' are (p — 1)- 
chains of G, E? is replaced by ef, e2, e? ~ * to form G’, incidences being given 


by 


= 
Fe 
Fe 


+): ef] = = 1,2 


and all other incidences (not involving E’) are the same in G’ as in G. 

II. Without loss of generality k may be assumed > 1 and the sub- 
scripts i may be omitted from the Z’s. Using I replace E? by g?, ef, e8 ~! 
so that Fe?~ = 0, Fe? = Fof = (k — =}, 
[H? +1: 9?) = +}: = = 0. Then unless k — 1 = 1 re- 
place g? by gf, ef, ef —', etc., until after m = k — 1 steps 


Ff-'=0 1€4€k 
FR (3) 


where = ef = O and = gi’, all other incidences involving these 
elements being zero. The situation is now as follows: k new ele- 
ments ef and k — 1 new elements e? ~ * have replaced e?. Examination of 
formula 3 shows that the incidence [E?: E? ~*] = k > 1 has been replaced 
by several incidences all of absolute value 1; ¢? and ef, , have the two 
common faces E?~* and ef ~*; ¢? ~' is oriented to e? oppositely than to 
e? , ,, the last two of which circumstances are incompatible with simplicial- 
ity and impose the following changes: 

III. Subdivide each e? twice more by means of I, finally getting the 


set {sf, s?—1, ?, uf, = D?,i = 1,2,. . . , k with incidences 
given by 
Fe ~' = = Fsf~' = 0 (4) 
Pe = (5) 
(6) 
Fs? = + (7) 


all other incidences involving elements of D? being zero. 
IV. Clearly D? is incidence-equivalent to an open 2-subcomplex K? of a 
simplicial complex where s?, #?, u? are represented by 2-simplexes and e? ~ ’, 
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sf —', 2 ~* by suitably chosen 1-simplexes on the boundaries of the 2-sim- 
plexes. K? has no vertices and some of the 1-simplexes on boundaries of 
2-simplexes are missing so it is simplicially open. 

V. In order to preserve dimension as far as possible, a technique for 
raising the dimension of K? isneeded. If a 2 0 isan integer let L? +“ be 
the join K? ~ o where a is a new open (p + a — 3)-simplex («~! = 1). 
If now s? is replaced by s? ~ o and similarly for all simplexes of K? the 
incidence formulas 4-7 remain unchanged, so H%**(L? +“) is isomorphic 
to the gth homology group of the complex {E?, E?~*}. 

4. The final complex B is obtained as follows: 

a. If the minimum dimension, m, of any element of A is 2 0 and A 
has no zero-dimensional torsion coefficient, let a = 0. If m < Oand A 
has no m-dimensional torsion coefficient, let a = —m. If m < Oand A 
has an m-dimensional torsion coefficient let a = — m + 1. 

b. To each D? (corresponding to a pair E?, E? ~* such as considered in 
No. 3) assign its L?+*. To each E? of C with FE? = 0 assign an open 
(p + a)-simplex W? * * such that neither W nor its boundary FW meets any 
previously assigned simplex. The set B = {Z?+*, W?**} is an open 
complex of a simplicial complex and 


H***(B) = H(A). (1) 


To see the latter notice that B has the same structure (except for dimension 
if a > 0) as C with regard to all elements E? of C which do not have the 
property FE? = + E?~'. These E? are omitted from representation in 
B because they have no effect on the homology groups of C. Hence by 
formula 2, 

H**+*(B) = H%(C) = H%(A) 


which gives formula 1. 


1 Lefschetz, S., Bull. Am. Math. Soc., 43, 345-359 (1937). See there for references to 
other authors. 


2 Steenrod, N. E., Amer. Jour. Math., 58, 675 (1936). 
3 Lefschetz, S., “Topology,” Am. Math. Soc. Colloquium Publications, 12, 68 (1930). 
Replace proof there by its group-theoretic analogue. 
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GROUPS HAVING A SMALL NUMBER OF SETS OF CONJUGATE 
SUBGROUPS 


By G. A. MILLER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 


Communicated November 9, 1939 


The term subgroup will be used in the present article for a proper sub- 
group, that is, for a subgroup which is neither the identity nor the entire 
group, and the term set of conjugate subgroups will be used so as to include 
an invariant subgroup. In other words, an invariant subgroup will be con- 
sidered as a complete set of conjugate subgroups. If a group contains 
only one complete set of conjugate subgroups it is composed of an invari- 
ant subgroup since all the subgroups of such a set must have the same prime 
order and hence the order of such a group must be a power of this prime 
order. Every such group is known to contain an invariant subgroup be- 
sides the identity whenever its order exceeds unity. Hence the cyclic group 
of order p*, p being an arbitrary prime number, is the only group which con- 
tains one and only one complete set of conjugate subgroups. 

If a group G contains two and only two complete sets of conjugate sub- 
groups its order cannot be divisible by more than two distinct prime num- 
bers and when it is divisible by two such prime numbers its order is their 
product. Moreover, every group whose order is the product of two dis- 
tinct prime numbers is known to contain exactly two complete sets of 
conjugate subgroups. If the order of G is a power of a prime number then 
G involves an invariant subgroup whose order is this prime number and the 
corresponding quotient group involves at least a number of invariant 
operators which is equal to this prime number. Hence it results that 
when a group contains two and only two complete sets of conjugate subgroups 
it 1s either one of the groups whose order is the product of two distinct prime 
numbers or it is the cyclic group of order p*, p being an arbitrary prime 
number. 

It has been noted that when G contains exactly one or two distinct sets of 
conjugate subgroups then its order may be divisible by just one or two dis- 
tinct prime numbers respectively but it is easy to prove that when G con- 
tains more than two distinct sets of conjugate subgroups then its order 
cannot be divisible by as many distinct prime numbers as it has distinct 
sets of conjugate subgroups. Suppose that G contains exactly k > 2 sets 
of conjugate subgroups and that the order of G is divisible by as many as k 
distinct prime numbers. Hence G contains exactly k sets of conjugate 
Sylow subgroups which separately are of prime order since otherwise there 
would be more than k distinct sets of conjugate subgroups in G. Hence G 
is solvable and therefore it involves an invariant subgroup of prime index. 


i 
i 
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As this subgroup again involves an invariant subgroup of prime index it 
has been proved that when a group contains more than two complete sets of 
conjugate subgroups its order cannot be divisible by as many distinct prime 
numbers as it contains distinct sets of conjugate subgroups. 

From this theorem it results directly that if G contains exactly three com- 
plete sets of conjugate subgroups its order is divisible by at most two dis- 
tinct prime numbers. If G is a prime power group it may be the cyclic 
group of order p‘, p being any prime number, or the four group. It could 
clearly be no other prime power group. If the order of G is divisible by two 
distinct prime numbers it contains an invariant subgroup of prime index 
since itis solvable. All the proper subgroups of this invariant subgroup are 
conjugate under G since G contains only three complete sets of conjugate 
subgroups. Hence this invariant subgroup is the four group and there 
results the following theorem: If a group contains exactly three complete 
sets of conjugate subgroups it 1s one of the following three groups: The four 
group, the tetrahedral group, the cyclic group of order p*, where p is an arbi- 
trary prime number. 

If a prime power group contains exactly four complete sets of conjugate 
subgroups it may be the cyclic group of order p°, p being any prime num- 
ber. A non-cyclic group of order p” contains at least p + 1 subgroups of 
index p and all of these are invariant under G. Hence it results that when 
a non-cyclic group of order p” contains exactly four complete sets of con- 
jugate subgroups then m cannot exceed 3. The quaternion group, the non- 
cyclic group of order 9, and the cyclic group of order p*, p being any prime 
number, are the only prime power groups which separately contain exactly 
four complete sets of conjugate subgroups. 

Every group of order pg’, p and q being distinct prime numbers, which 
involves an invariant subgroup of order p and a cyclic subgroup of order 
q’, contains exactly four complete sets of conjugate subgroups and these are 
the only groups which involve exactly four complete sets of conjugate sub- 
groups, including an invariant subgroup of prime order, and have an order 
which is not a power of a prime number. If G contains an invariant sub- 
group of order p* the corresponding quotient group cannot have an order 
which is a power of p since G is not a prime power group. If the invariant 
subgroup of order p? is cyclic then G may be the dihedral group of order 
2p*, p being an arbitrary odd prime number. This is a special case of the 
groups of order pg, where g is an arbitrary prime divisor of  — 1 and the 
operator of order g in G is in the group of isomorphisms of the cyclic sub- 
group of order $*. Another system of groups which separately involve an 
invariant subgroup of order p? and exactly four complete sets of conjugate 
subgroups is composed of groups in which this invariant subgroup is non- 
cyclic and (p + 1)/2isan odd prime number. Groups of order p?(p + 1)/2 
then contain two sets of conjugate subgroups of order » and one set of each 
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of the orders p* and (p + 1)/2 since p + 1 and p — 1 donot have acommon 
odd prime factor. 

In every group G which contains exactly four complete sets of conjugate 
subgroups and involves an invariant subgroup of order ? this invariant sub- 
group is abelian and of type 1*. Moreover, p? + p + 1 must then be a 
prime number and when these conditions are satisfied there is a group of 
order p*(p? + p + 1) which contains exactly four complete sets of conjugate 
subgroups, composed of a set of p? + p + 1 subgroups of each of the orders 
p and p’, respectively, the invariant subgroup of order p*, and a set of con- 
jugate subgroups of order p? + » + 1. In the special case when p = 2 
this is the well-known group of order 56 which contains eight subgroups of 
order 7. To see that G could not involve an invariant subgroup of order 
p”, m > 3, when it contains exactly four complete sets of conjugate sub- 
groups it is only necessary to observe that G would then contain more than 
four sets of subgroups of different orders. 

An invariant subgroup of prime index under G cannot involve more than 
three complete sets of conjugate subgroups under G and hence it cannot in- 
volve more than two such sets under itself. Its order is therefore not divis- 
ible by more than two distinct prime numbers and when its order is divis- 
ible by two such numbers its subgroup whose order is a power of one of these 
numbers is generated by an operator which is not found init. As this case 
was considered above we have determined all the groups which contain 
separately exactly four complete sets of conjugate subgroups. The results 
which are not embodied in a theorem noted above may be expressed in the 
form of a theorem as follows: The only groups which separately involve 
exactly four complete sets of conjugate subgroups and are not of prime power 
order are contained in the following four systems of groups: Those of order 
pq*, p and q being distinct prime numbers, which involve an invariant sub- 
group of order p and a cyclic subgroup of order q?, groups of order p*q which 
involve an invariant cyclic subgroup of order p? and an operator of prime order 
q which is found in the group of isomorphisms of this cyclic subgroup, groups 
which involve an invariant non-cyclic subgroup of order p* and are of order 
p?(p + 1)/2, where (p + 1)/2 ts a prime number, groups which involve an 
invariant abelian subgroup of order p* and of type 1*, and are of order 
p3(p? + p + 1), where p? + p + 1 ts a prime number. 

It is known that the only abelian group which contains exactly five com- 
plete sets of conjugate subgroups is of order p* and cyclic. No non-abelian 
group of prime power order contains exactly five complete sets of conjugate 
subgroups since the subgroups of prime index in such a group are invariant 
under the group and there are at least p + 1 such subgroups. If G con- 
tains a prime power invariant subgroup of prime index it may be the group 
of order 24 which involves no subgroup of index 2 since this group contains 
four conjugate subgroups of each of the order 3 and 6, one set of conjugate 
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subgroups of order 4 and an invariant subgroup of each of the orders 2 
and 8. It is not difficult to prove that this is the only non-abelian group 
which contains exactly five complete sets of conjugate subgroups and 
involves an invariant subgroup of prime index. 


1G. A. Miller, these PRocEEDINGS, 25, 369 (1939). 


THE ALGEBRAIC STRUCTURE OF COMPLEXES 
By A. W. TUCKER 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated November 15, 1939 
1. Introduction.—This note deals with certain parts of the theory of 
complexes, particularly chain-mappings and products, in which the only 


structure we need require of a ‘‘complex”’ is determined by a pair of square 
matrices, e, f, with the multiplication table 


e=1, ff =0, ef + fe = 0. (1) 


The elements of e and f belong to a ring which for simplicity we assume to 


be the ring of rational integers. 

For an ordinary complex the matrices e and f are set up as follows. 
With each pair of cells, x, y, of the complex we associate two numbers 
which we denote by yEx and yFx. The number yEx is zero unless y = x, 
in which case it is +1 or —1 according as the dimension of x (= y) is even 
or odd. The number yFx is the incidence number of x and y if the dimen- 
sion of x is one greater than that of y, and is zero otherwise. Taking y 
as the row index and x as the column index we assemble the numbers yEx 
and Fx in two square matrices, e and f, of order equal to the total number 
of cells in the complex. The matrix e is a diagonal matrix which, as an 
operator, reorients all cells of odd dimensions; the matrix f is a composite 
incidence matrix. That they satisfy (1) is easily verified. 

But for our purposes it is not necessary that e and f arise from an ordinary 
complex as just described. We take any two matrices which satisfy (1), 
write their elements as yEx and yFx, and regard the symbols y and x as 
ranging over a set of indeterminates which we call ‘‘cells.”” In this way we 
get an algebraic system X which we can treat in certain respects just as 
though it were a complex. Of course the cells of X are not provided with 
dimensions or order;! they merely form a basis for a sort of linear set or 
vector space (over the ring of integers) which serves as a field of operations 
for e and f. 
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the linear form 


2. The Operators E and F.—The boundary of a cell x of X is defined as 


Fx = y(yFx), 


obtained by multiplying each cell y of X by the coefficient yFx and sum- 
ming for all values of y. [We make the convention that a repeated cell- 
symbol, like a repeated tensor-index, denotes summation throughout the 
range of the symbol.] By linear extension a chain A = x(xA) has boundary 


FA = y(yFA), where yFA = (yFx) (xA). 


If FA = 0, A is called a cycle. The boundary of any chain is a cycle, since 
it is an immediate consequence of the relation ff = 0 of (1) that FFA = 0 
for any chain A. Two cycles, A; and Az, are said to be homologous (A; ~ 
- A») if there is a chain A such that FA = A; — Az. The classes of homolo- 
gous cycles form an additive group which is the (composite) homology 


group of X. 
Operating on x and A with E as we have above with F we get the chains 


Ex = y(yEx) and EA = y(yEA) = y(yEx) (xA) 


which we call the conjugates of x and A, respectively. From the relation 
ee = 1 of (1) it follows that EEx = x, i.e., the operator £ possesses an in- 
verse and that inverse is E itself. From ef + fe = 0 it follows that EFx = 
— FEx, i.e., E and F are anticommutative operators. Two immediate 
consequences of this are that EA is a cycle if and only if A is a cycle and 
that EA, ~ EA: if and only if Ai ~ As. 

3. Mappings.—We now consider a correspondence between the system 
X and a second system X’. With each pair, x, x’, of cells of X and X’ we 
associate a correspondence number x«’7Tx. From these numbers we form a 
matrix which has a column for each cell x of X and a row for each cell x’ 
of X’. Using the elements of a column as coefficients in a linear form we get 


Tx = x' (x'Tx), 


thus defining an operator T which acts on a cell x of X to give a chain Tx 
of X’. If T commutes with EF, ie., EFTx = TEFx, we call T a mapping 
(or more precisely, a chain-mapping) of X in X’. The point of this com- 
mutation requirement is that it ensures that TA is a cycle if A is a cycle 
and that TA; ~ TA: if Ai ~ Az. 

Let T’ denote a mapping of the system X’ into a third system X”. 
Then T’T is a mapping of X in X”, for 


EFT'Tx = T’'EFTx = T'TEFx. 


Thus our mappings have a transitive character. 
The condition that T be a mapping can also be written as either 
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FTx = (ETE) Fx or TFx = F(ETE)x. (2) 


The first is obtained from EFTx = TEFx by multiplying through on the 
left by E and the second -by replacing x by Ex. We bracket ETE together 
because this combination forms a natural unit which we designate as the 
conjugate of T. It is an immediate consequence of (2) that ETE is a 
mapping of X in X’ if and only if T is such a mapping. 

An additional requirement which may be placed on a mapping TJ is that 
it commute with E. [This is implicit in the assumption for ordinary 
complexes that a chain-mapping preserve dimensions.] In such a case T 
commutes also with F since (2) reduces to the condition FTx = T Fx. 

4. Equivalent mappings.—We say that two mappings, 7; and 72, of 
X in X’ are equivalent® (T, ~ T>) if there exists an operator D, with com- 
ponents x’Dx, such that 


FDx + EDFEx = Tix — Tox. (3) 


The main point of this condition is that for a cycle A it becomes FDA = 
T,A — T2A,which says that ~ T2A. [The notion of ‘‘chain-deforma- 
tion” for ordinary complexes provides the generic example of an operator D 
of the type appearing here.] 

Operating on (3) with the mapping 7” defined in the preceding section 
and making use of the second part of (2) for T’ we see that 
T'T\x — = T’FDx + T'EDFEx = F(ET'E)Dx + E(ET'E)DFEx. 
Hence 7’7, ~ T’T2 if T1 ~ To. By iteration of this argument it can be 
shown that ~ 7372 if ~ Tz and ~ T3. 

Condition (3) may also be written 


FDx — (EDE)Fx = Tix — Tox. (4) 
Then if we replace x by Ex and operate with E in front we get 
F(EDE)x — DFx = ET,Ex — ET\Ex. (5) 


The same process applied to (5) carries it back to (4). Hence we have the 
theorem that E7,E ~ ET,E if and only if 7; ~ 7». 

5. Lefschetz Numbers.—Associated with any mapping U of a system X 
into itself there is a numerical invariant which we call the Lefschetz number 
of U, since under appropriate conditions it is the number which is Lef- 
schetz’ criterion for the existence of fixed points in a continuous transforma- 
tion of a complex into itself.* If the self-mapping U has components yUx 
this number is 


xEUx = (xEy) (yUx), 


ie., the trace of the product of the matrix e and the matrix u (formed 
from the elements yUx). . The number may obviously be written also as 
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yUEy = (yUx) (xEy). 


If U is the identical mapping J of X on itself our number reduces to the 
trace of the matrix e, which in the case of an ordinary complex is the Euler 
number of the complex. 

The Lefschetz number of U is an “invariant” in the following two senses: 
(i) it is unchanged if we replace U by another mapping U; which is equiva- 
lent to U (i.e., U; ~ U), and (ii) it is unchanged if we replace U by a map- 
ping (ETE) UT’ of X’ into itself, where T and T’ map X in X’ and X’ in 
X so that T’T ~ I. To prove (i) we operate on an analogue of (4) to get 


xEU\x — xEUx = xEFDx — xDEFx = (xEFy) (yDx) — (yDx) (xEFy)=0. 


To prove (ii) we observe that UT’T ~ U since T’T ~ I and so, making use 
of (i), 


xEUx = xEUT'Tx = (xEUy) (yT’x’) (x’Tx) = 
(x’Tx) (xEUy) (yT’x') = x'TEUT'sx' = 4 


A consequence of (ii) is that the Lefschetz number of a mapping of an or- 
dinary complex into itself is invariant under subdivision? of the complex. 

It might be noted in passing that the Lefschetz numbers of U and its 
conjugate EUE are the same since xE(EUE)x = xUEx = xEUx. 

6. The ‘‘Co-Theory.’’—Paralleling the theory we have developed 
there is a ‘‘co-theory” in which £, F, etc., operate on the right instead 
of the left and rows in the matrices, e, f, etc., are used instead of columns to 
provide the coefficients for linear forms. Thus, the coboundary* of a cell 


y of X is defined as 


= (yFx)x. 


A cochain B = (By)y is a cocycle if 
0 = BF = (BFx)x = (By) (yFx)x. 


Two cocycles, B; and Bz, are cohomologous if there is a cochain B such that 
BF = B, — Bz. The (composite) cohomology group of X is the additive 


group of classes of cohomologous cocyles. 
The operator T when used on the right instead of the left acts on a cell x’ 


of X’ to produce a cochain of X, namely 
= (x’Tx)x. 


We say that T is a comapping (or more precisely, a cochain-mapping) of 
X'in X ifx’/TFE = x'FET. But this is the same as the condition that T be 
a mapping of X in X’, since the numerical conditions x’T FEx = x'FETx and 
x’EFTx = x'TEFx are the same. Two comappings, 7; and 7», of X’ in X 
are equivalent if D exists so that 


VoL. 25, 1939 MATHEMATICS: A. W. TUCKER 


x'DF + x’EFDE = x'T, — x'T». 


This condition has the same numerical basis as condition (3) when —EDE 
is written in place of E: Hence equivalence puts the same restriction on 
T, and T: whether they are regarded as mappings or as comappings. 

Let T and 7” be operators, with components x’7Tx and xT7’x’, which 
satisfy the common condition for mappings and comappings. Then 


xET'Tx = (xEy) (yT'x’) (x’Tx) 


is the Lefschetz number of 7’T either as a mapping or as a comapping of 
X into itself. But this number is also significant as a measure of the 
“coincidences” between T as a mapping of X in X’ and T’ as a comapping 
of X in X’. 

7. The Product of X and X’.—We define the product of a system X based 
on matrices e, f and a system X’ based on matrices e’, f’ as the system XX’ 
based on the matrices® 


eXe' and 
whose elements we write 
y'yExx’ = (yEx) (y’Ex’) and y'yFxx’ = (yFx) (y’Ix’) + (yEx) (y'Fx’), 


where y’Jx’ denotes an element of the unit matrix 1’. By direct calcula- 
tion it is easy to verify that these compound matrices satisfy (1) as a conse- 


quence of e, f and e’, f’ satisfying (1). 
For the product system XX’ the boundary of a cell xx’ and the coboundary 
of y’y are defined as 


Fxx' = yy'(y'yFxx') = yy'(yFx) (y'Ix’) + (yEx) (y'fx’) = 
(Fx)x’ + (Ex) (Fx’) 


y'yF = (y'yFxx’)x'x = (yFx) (y’Ix')x'x + (yEx) (y’ Fx’)x'x = 
+ (y’F) (vE). 


These reduce to the familiar formulas for product complexes when the 
matrices e, f, etc., are set up as in the second paragraph of section one. 

We leave a discussion of the graphs of mappings and other questions 
concerning products and “tensors” to another paper. 


1 Cf. Tucker, Rec. math. Moscou, 1, 773-774 (1936). 

2 Cf. Tucker, these PROCEEDINGS, 25, 371-374 (1939). 

3 Cf. Lefschetz, Trans. Am. Math. Soc., 28, 1-29 (1926). 

* This convenient “‘co” terminology comes from Whitney, Duke Math. Jour., 3, 35-45 
(1937). 

5 For the direct product of matrices used here see Wedderburn, Lectures on Matrices, 
p. 74. 
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The following theorem may be easily proved on the basis of Axioms 0, 1 
and 2 of the author’s book ‘‘Foundations of Point Set Theory.’ 

THEOREM 1. If M is a closed point set and every component of the comple- 
ment of M has a connected boundary and N is a continuum containing B, the 
boundary of M, then N contains a continuum containing B and lying in M. 

Consider the following proposition. 

ProposiTIon A. If the boundary of the connected domain D is a compact 
point set B there exists a compact continuum containing B and lying in D + B. 

In the presence of Axioms 0, 1 and 2, the truth of Theorem A is necessary 
and sufficient for that of the proposition labelled ‘‘Theorem 22” in Chapter 
II of that book. Some time ago Mr. W. M. Jackson, then a member of 
one of my classes, gave an example to show that this latter proposition is 
not a consequence of these axioms. It is clear that the argument given on 
page 110 does not prove this proposition. But a slight modification of it 
suffices to establish the following result. 

THEOREM 2. If, in a space satisfying Axioms 0, 1 and 2, the boundary 
of the connected domain D is a compact point set B and every component of the 
complement of D has a connected boundary then there exists a compact con- 
tinuum containing B and lying in D + 8. 

This theorem may be proved by an argument identical with that given 
on pages 110 and 111 for “Theorem 22” except for the addition of the 
words “or of U;’ after V; in line 2 of page 111, of ‘‘or of U,” after V, in 
line 11, of ‘‘lying in D and” after “‘domain”’ in line 3 and the substitution 
of y for M in line 31 and of “But it contains ag. Hence, by Theorem 1, it 
contains a continuum containing ap and lying in D + ap’ in place of 
“But it contains ap and it is a subset of D + ap’ in lines 15 and 16. 

The truth of the following theorem follows with the help of an argument 
given on pages 110 and 111. 

THEOREM 3. If, in a space satisfying Axioms 0, 1 and 2, M ts a closed 
point set bounded by a compact point set B and the components of M — B 
form a semi-contracting® set then there exists a closed and compact point set 
M’ lying in M, containing B, and such that if D is a component of M — B 
such that every component of the complement of D has a connected boundary 
then M’.D is a continuum containing the boundary of D. 

Consider the following axioms. 

Axiom F. If P is a point of a region Rand X is a point distinct from P 
there exists a finite point set lying in R and separating P from X. 
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Axiom K. If P ts a point of a region R there exists a domain D contain- 
ing P, lying in R,. and bounded by a compact point set. 

THEOREM 4. If, in a space satisfying Axioms 0,1, 2 and K, M and N are 
two mutually exclusive closed point sets and one of them is compact then there 
exist two domains Dy and Dy containing M and N, respectively, bounded by 
compact point sets, and such that Du and Dy are mutually exclusive. 

Theorem 4 may be established by an argument closely related to that 
employed to prove Theorem 23 of Chapter I of P. S. T. and differing from it 
largely in the use of domains with compact boundaries instead of certain 
compact regions. 


THEOREM 5. If, in a space satisfying Axioms 0, 1, 2 and K, H is a com- 
ponent of the closed and compact point set M and K is a closed point set con- 
taining no point of H then there exists a connected domain D containing H 
but no point of K and bounded by a compact point set containing no point of M 
+ K. 

Proof. With the aid of Theorem 4, in the place of Theorem 23 of Chap- 
ter I of P. S. T., by an argument similar to that used to prove Theorem 41 
of that chapter, it may be shown that there exists a domain Z containing 
H but no point of K and bounded by a compact point set containing no 
point of M+ K. Let D denote the component of Z that contains H. By 
Theorem 2 of Chapter II, the connected point set D isa domain. With the 


aid of. Theorem 2 (a) of that chapter it may be seen that its boundary is 
compact. It clearly fulfills the remaining requirements of the conclusion of 
Theorem 5. 


That Proposition A does not hold true in every space satisfying Axioms 
0, 1, 2 and F may be seen from the following example. 


EXAMPLE 1. Let £ denote a Cartesian space of three dimensions. In 
this space, for each positive integer m, let C, denote a circle tangent to the 
X-axis at the origin O and with its center at the point (0, 1/n, 0). Let Ki 
and Ke denote two spheres tangent to the Y-axis at O and with centers at 
(—1, 0, 0) and (1, 0, 0), respectively. For each n, let A, and B, denote 
the points (0, 2/n, 0) and (0, 2/n, 1), respectively, and let AnBn, BaBy+: 
and A,»An+1i denote straight line intervals with end-points as indicated. 
Let S denote the point set obtained by adding together all the circles of the 
sequence C2, C3, . and all the straight line intervals A;B;, A2Be, A3Bs, 
oe Bz, B3Bu, BsBs, AdA3, AiAs, .... LetD denote the 
set of all points of S which lie outside both of the spheres K; and Ky. Let 
> denote the space whose points are the points of S and whose regions are 
the intersections of S with interiors of spheres. In the space 2, D is a con- 
nected domain whose boundary is a compact and countable point set con- 
taining the point O and having that point as its only limit point. Not 
only is the point O not accessible from D but it does not belong to any non- 
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degenerate compact subcontinuum of D. But this space satisfies Axioms 
0, 1, 2 and F. 

THEOREM 6. Ina space satisfying Axioms 0, 1, 2 and K, Proposition A 
holds true. 

Proof. Suppose D is a connected domain whose boundary is the com- 
pact point set /. There exists a sequence Wi, We, W3, . . . satisfying, with 
respect to M, all the conditions of Theorem 81 of Chapter I of P. S. T. 
For each , let D, denote W. For each n, Dy is the sum of a finite number 
of regions of the collection G, of Axiom 1. Furthermore the sequence of 
domains D,, D2, D:, . . . closes down on M, that is to say (1) M is the com- 
mon part of all the domains of this sequence, (2) for each n, D, contains 
Dn+1, (3) every domain that contains M contains some domain of this 
sequence. 

Let A denote some definite point of D. Suppose x is a component of M. 
By Theorem 5, there exists a connected domain J, containing x and 
bounded by a compact point set J, such that J, is a subset of D,, and J, 
contains no point of M. It follows that there exists a finite collection H; 
of mutually exclusive connected domains which irreducibly fulfills the 
condition that if x is a component of M there exists a domain belonging 
to H, and containing x and such that its closure lies in D, and its bound- 
ary is compact and contains no point of M. There exists a finite collection 
Hy, of connected domains irreducibly fulfilling the condition that if x is a 
component of M there exists a domain h belonging to Hz and containing x 
and such that (1) h lies in D, and in the domain of H, that contains x and 
(2) the boundary of h is compact and contains no point of M. This process 
may be continued. It follows that there exists a sequence M,, Ho, H3,... 
such that, for each n, H, +, is a finite collection of mutually exclusive con- 
nected domains which irreducibly fulfills the condition that if x is a com- 
ponent of M there exists a domain / belonging to H, +; and containing x 
and such that (1) h lies in D, +, and in the domain of H;, that contains x 
and (2) the boundary of h is a compact point set containing no point of M. 

If, for some n, h is a domain of the collection H, there exists a finite 
collection W;, of mutually exclusive connected domains such that (1) W, 
covers the common part of D and the boundary of h and (2) every domain 
of W;, is a subset of D and (if m > 1) of the domain of H,,—; that contains h. 

For each n, let Z, denote the set of all domains z such that, for some do- 
main h of the collection H,, z belongs to W,. There exists a finite set 7, 
of arcs such that (1) every arc of 7; lies in D and joins A to a point of some 
domain of the collection Z;, (2) each domain of the collection Z, contains 
a point of some arc of the collection 7). 

For each n, there exists a finite collection 7;,+; of arcs such that (1) if 
x and y are domains belonging to H, and Hy +1, respectively, and ¥y is a 
subset of x, and x’ and y’ are domains belonging to W, and W,, respec- 
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tively, and there exists an arc ¢ containing a point of y’ and lying wholly 
in x except for one of its end-points which belongs to x’ and to the boundary 
of x then, for these particular domains x’ and y’, there is only one such arc 
t belonging to 7}, +1, (2) if ¢ is an are of 7,+1, there exist two domains x 
and y belonging to H, and H,, +1, respectively, such that y is a subset of x 
and such that ¢ intersects some domain of Wy and lies wholly in x except 
for one of its end-points which belongs to the boundary of x. 

For each 1, there exists a finite set L, of arcs such that (1) if z is a do- 
main of Z,, intersecting both an arc x of 7; and an arc y of 7; +; then there 
is an arc of L,, lying wholly in z and intersecting both x and y, (2) if g is an 
arc of L,, there exists a domain z of Z,, such that g lies wholly in z and inter- 
sects both some arc of 7,, and some arc of 7) +:. 

The point set M+ .) is acompact 
subcontinuum of D + M containing M. 

THEOREM 7. If, in a space satisfying Axioms 0, 1, 2 and K, the domain 
D is bounded by a compact point set B and no component of D is closed then the 
components of D form a semi-contracting collection. 

Proof. Suppose the components of D do not form a semi-contracting 
collection. Then there exist a sequence of points Po, P3,... anda 
sequence D;, D2, D3, . . . of distinct components of D such that (1) for each 
n, P,, belongs to D, and (2) the point set P; + P: + P; +... has no limit 
point. Since no component of D is closed therefore, for each n, the con- 
tinuum D,, contains a point B, of the compact point set 8. Hence the 
limiting set of the sequence D,, De, Ds, . . . exists. But it is a subset of 8. 
Hence it is a compact point set VN. The point set P; + P,2 P; +... is 
closed and contains no point of N. Hence, by Theorem 4, there exists a 
domain W containing NV and bounded by a compact point set T such that 
W + T contains no point of the sequence P;, P2, P3,.... There exists 
an ascending sequence of positive integers m, 2, m3, . . . such that, for each 
j, D,, contains a point of W. But, for each j, D,,, contains also the point 
Pu; which does not belong to W. Hence, since it is connected, Dy; con- 
tains a point X; of 7, the boundary of W. Since 7 is compact the point 
set X,; + + X3 +... hasa limit point O. Since T is closed, O belongs 
to T. But it belongs to NV, and N and T are mutually exclusive. Thus the 
supposition that Theorem 7 is false leads to a contradiction. 

That Theorem 7 does not remain true on the substitution of ‘“‘Axioms 0, 
1-5” in place of “‘Axioms 0, 1, 2 and K”’ in the statement of its hypothesis 
may be seen from the following example. 

EXAMPLE 2. In a Cartesian plane £, let O denote the origin and, for 
each n, let P,, denote the point (1/n, 0). Let Ci, Cz, C3, . . . denote a se- 
quence of circles each lying without all of the others and such that, for each 
n, the center of C,, is at P,. For each n, let r, denote the radius of C, and 
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let Cys, Cus, » Cun Genote a sequence of circles, with center at P,,, 
such that, for every positive integer 7 less than m + 1, the radius of Cr 
is r,/j. For each n, let J, denote a circle with center at O and enclosing 
the circle C,, but such that if 7 < m then C; lies wholly without J,. Let D 
denote the sum of the interiors of the circles C,, Co, C3,.... Let 2 denote 
a space whose ‘‘points’’ are the points, in the ordinary sense of the plane 
E but in which a point set R is a ‘‘region”’ if and only if either (1) R is the 
interior of a circle which does not enclose O or (2) for some positive integer 
n, R is the set of all points which lie within J, but without all of the circles 
Cav Cn 41,2) In the space 2 the boundary of 
the domain D is compact but the point set P: + P2 + P; +... has no 
limit point and therefore the components of D do not form a contracting 
sequence. 

THEOREM 8. If, im a space satisfying Axioms 0, 1, 2 and K, M 1s a 
closed point set whose boundary is a compact point set B then there exists a 
closed and compact point set M’ lying in M, containing B, and such that if D 
is any component of M — 8 then M’.D is a continuum containing the bound- 
ary of D. 

Theorem 8 may be established with the help of Theorems 6 and 7 and 
the fact that, in the presence of Axioms 0 and 1, the truth of Proposition A 
is sufficient for that of the proposition labelled ‘‘Theorem 22” in Chapter I 
of P. S. T. 

TueoreM 9. If, in a space satisfying Axioms 0, 1 and 2, M 1s a con- 
tinuum and K is a closed point set lying in M and containing 8, the boundary 
of M, and, for every component D of M — 8, K.D is a continuum containing 
the boundary of D then K is a continuum. 

Proof. Suppose, on the contrary, that K is the sum of two mutually 
exclusive closed point sets K, and Ky. If Disa component of M — £ then, 
since it is connected, K.D is a subset either of H; or of Hz. For each i 
(i = 1, 2) let H; denote H; or the sum of H; and all components D of M — 8 
such that K.D is a subset of Hj, according as there does not or does exist 
at least one such D. The point sets H; and H, are mutually exclusive and 
closed. But their sumisthecontinuum M. This involves a contradiction. 

TueoreM 10. If, in a space satisfying Axioms 0, 1, 2 and K, M is a 
continuum whose boundary is compact then M is compactly connected.* 

Proof. By Theorems 8 and 9 there exists a compact continuum K lying 
in M and containing 8. Suppose P, and P; are two points of M. If the 
point P; (¢ = 1 or 2) does not belong to K then it belongs to a component 
D; of M — B and there exists an arc /; lying in D; and joining P; to some 
point which belongs to the boundary of Di and therefore to K. Let 7; 
denote P; or t; according as P; does or does not belong to K. The point 
set K + T; + T2 is a compact subcontinuum of M joining P; to P2. 
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THEOREM 11. Jn a space satisfying Axioms 0 and 1-5, Proposition A 
holds true. 

Theorem 11 follows from Theorem 2 of the present paper and Theorem 
234 of Chapter IV of P.'S. T. 

In view of Theorem 11 it is clear that the proposition labelled ‘“‘Theorem 
22” on page 110 of P. S. T. holds true on the basis of Axioms 0 and 1-5.5 

THEOREM 12.° If, in a space satisfying Axioms 0, 1, 2 and K, L is a 
compact continuous curve with no continuum of condensation, M is a con- 
tinuous curve and N is a subcontinuum of M whose boundary with respect to 
M is a subset of L then N is a continuous curve. In particular if D is a com- 
ponent of M-L.M then D is a continuous curve. 

Indication of Proof. By Theorem 10 of the present paper and Theorem 
9 of Chapter II of P. S. T., WV is compactly connected. But Theorem 8 of 
that chapter remains true, on the present basis, if, in its hypothesis, the re- 
quirement that M be locally compact is replaced by the requirement that 
it be a compactly connected continuum with a compact boundary. With 
the aid of these facts, Theorem 13 may be established by an obvious modi- 
fication of the argument given to prove ‘“Theorem 25” of the same chapter. 


1 Am. Math. Soc. Colloquium Pub., 13, New York (1932). This book will be referred 
toas P. S. T. 

2 The collection G of point sets is said to be semi-contracting provided it is true that if 
M is a subset of G* such that no point of the collection G contains two points of M then 
M is compact. 

3 The point set M is said to be compactly connected if, for every two points X and Y of 
M there exists a compact continuum lying in M and containing both X and Y. 

4 If the argument given in P. S. T. to prove Theorem 9 of Chapter IV is modified by 
the deletion of its first sentence and the substitution thereafter of H for H’ and the 
interpolation of ‘‘separating A from B”’ between ‘‘and”’ and ‘‘such’”’ in the second sen- 
tence then the resulting argument establishes Theorem 9 on the basis of Axioms 0, 1-5 
for the special case where both H and K are compact. In the proof of Theorem 21 on 
page 193 use is made of Theorem 9 for this particular case. 

5 To prove Theorem 9 of Chapter IV on this basis, change H’ to H” in the first sen- 
tence of the argument there given and, in the second sentence, make the interpolation 
described in the fourth footnote and, after the first sentence, add ‘‘There exists an arc 
AO joining A to some point O of 8 and containing no point of K. Let H’ denote H” + 

6 Theorem 12 does not remain true on the substitution of ‘‘F”’ for ‘‘K’”’ in the state- 
ment of its hypothesis. If, in the space = of Example 1, M and N denote S and D, re- 
spectively, and L denotes the sum of all the circles C,, Cx, Cs... , then L is a compact 
continuous curve and the boundary of N is a subset of L, but N is not locally connected 
at O. 


e 
e 
it 


INDEX 


Abelian groups (Miller), 258, 364. 
Aberrations, chromosome (Sax), 
(Sax and Enzmann), 397. 
Abstract flat projective geometry (Michal 
and Mewborn), 440. 

Accessibility (Moore), 648. 

Additive functions (Bochner), 158; (Erdés 
and Kac), 206. 

Adjusted death 
Forbes), 461. 

Aerodynamics of 
(Bateman), 388. 

ALAOGLU, L., AND BirKHOFF, G. General 
Ergodic Theorems, 628. 

ALEXANDER, J. W. On the Concept of a 
Topological Space, 52. 

On the Connectivity Ring of a 

Lattice, 208. 

Ordered Sets, Complexes and the 
Problem of Compactification, 296. 
Algebraic differential manifolds (Ritt), 

214. 


225; 


rates (Doering and 


reacting substances 


Algebraic number fields (Dribin), 289. 
Algebraic structure of complexes (Tucker), 
643 


Algebras, »-adic representation of 
(Brauer), 252. 

Amynodonts (Stock,), 270. 

Apical meristems (Whaley), 445. 

Artificially activated ova of rabbits (Pin- 
cus), 557. 

Atomic rays (Zwicky), 338. 

Automatic synthesis of speech (Dudley), 


77. 
Auxin (van Overbeek), 245. 


Bacterial synthesis of v* hormone (Ta- 
tum), 486. 

Banach spaces (Taylor), 438. 

BARDEEN, J., AND VAN VLECK, J. H. Ex- 
pressions for the Current in the Bloch 
Approximation of “Tight Binding’ 
for Metallic Electrons, 82. 

Basic systems (Vandiver), 586. 

BaTEMAN, H. The Transformation of a 

Lagrangian Series into a Newtonian 

Series, 262. 

The Aerodynamics of Reacting 

Substances, 388. 

BECKENBACH, E.F. See Reade, M., 92. 

Bei, E. T. Euler’s Concordant Forms, 


46. 
Bernoulli numbers (Vandiver), 197. 
Birds, transplantation in (Eastlick), 551. 
Brrkxuorr, G. An Ergodic Theorem for 
General Semi-Groups, 625. 
Brrxuorr,G. See Alaoglu, L., 628. 
Bocuner, S. Additive Set Functions on 
Groups, 158. 
Bodily constitution (Pearl and Moffett), 
609. 


Berry, R. O. Observations on Chromo- 
some Elimination in the Germ Cells of 
Sciara Ocellaris, 125. 


Biocu, R. See Sinnott, E. W., 248. 


Bocue, R. D. See Metz, C. W., 280. 

BopENSTEIN, D. Imaginal Differentia- 
tion Inaugurated by Oxygen in 
Drosophila Pupae, 14. 

Body, composition of (Sherman, Campbell 
and Lanford), 16. 

Bonner, D. M., AND HAAGEN-SMIT, A. J. 
Leaf Growth Factors I]—The Ac- 
tivity of Pure Substances in Leaf 
Growth, 184. 

BONNER, J., AND BUCHMAN, E. R. The 
Synthesis and Destruction of Vitamin 
B, by Phycomyces, 164. 

BONNER, J. See English, J., Jr., 323. 

Boundary conditions (Calkin), 
(Friedrichs and Stoker), 535. 

Boyes, J. W. Embryo-Sac Development 
in Plumbagella, 141. 

BRAUER, R. On Modular and »-Adic 

Representation of Algebras, 252. 

On the Representation of Groups of 

Finite Order, 290. 

Braun, W. The Role of Developmental 
Rates in the Production of Notched 
Wing Characters in Drosophila Melan- 
ogaster, 238. 

Breaks, induced, along the X-chromosome 
(Kaufmann), 571. 

Breeding of rabbits (Pincus), 557. 

Brown, F. W. See Plesset, M. S., 600. 

BucHMAN, E.R. See Bonner, J., 164. 

Buckled plate (Friedrichs and Stoker), 
535 


201; 


BuerGER, M. J. The Photography of 
Interatomic Distance Vectors and of 
Crystal Patterns, 383. 

Burr, H. S., AND Norturop, F. S. C. 
Evidence for the Existence of an 
Electro-Dynamic Field in Living 
Organisms, 284. 


Calculus of variations (Menger), 474; 
(Douglas), 631. 

California, Southern (Stock), 270, 617. 

CaLKIN, J. W. General Self-Adjoint 
Boundary Conditions for Certain 
Partial Differential Operators, 201. 

CAMPBELL, H.L. See Sherman, H.C., 16. 

CastLe, W. E. Ona Method for Testing 
for Linkage between Lethal Genes, 
593 


Catfish Ameiurus (Parker), 499. 

Cauchy theorem (Reade and Becken- 
bach), 92; (Menger), 621. 

Cell-mappings (Tucker), 371. 

Cell polarity (Sinnott and Bloch), 248. 

Cells (Krogh), 275. 


25, 1939 


Cells, convex (White), 147. 

Cells, leukemic (MacDowell, Potter and 
Taylor), 416. 

Center, galactic (Shapley), 113. 

Centrioles (Pollister), 189. - 

Chain-mappings (Tucker), 371. 

CuHaAPPLE, E.D. Quantitative Analysis of 
the Interaction of Individuals, 58. 
Chemical induction of genetic changes in 
fungi (Thom and Steinberg), 329. 
Chemical restoration in Nitella (Osterhout 

and Hill), 3. 
Chicken pituitary (Kleinholz and Rahn), 
145 


Chlorides, sulfonyl (Johnson), 448. 

Chromosome aberrations (Sax), 225; (Sax 
and Enzmann), 397. 

Chromosome elimination (Berry), 125. 

Chromosome rearrangements in Sciara 
(Metz and Boche), 280. 

Chromosome, successive nuclear divisions 
(McClintock), 405. 

Chromosomes (Pollister), 189; (Marshak), 

(2, 510. 

Chromosomes, salivary (Mazia and 
Jaeger), 456. 

Circle (Pitcher), 428. 

Circular transformations (Kasner and 
De Cicco), 209. 

Class field theory (Dribin), 289. 

Clouds, interstellar gas (Struve), 36. 

Clusters of nebulae (Zwicky), 604. 

Collisions, stellar (Whipple), 118. 

Color changes, integumentary (Parker), 
499. 

Color of dyes (Pauling), 577. 

—- problem of (Alexander), 


Complexes (Alexander), 296; (Flexner), 
637; (Tucker), 643. 


Connectivity ring of a lattice (Alexander), 
208 


Consistency-proof (Gédel), 220. 
Constitution, bodily (Pearl and Moffett), 
609. 


Constitution of secretin (Niemann), 267. 
Continuum-hypothesis (Gédel), 220. 
Convex cells (White), 147. 

Corona of stars (Shapley), 423. 

Cosmic rays (Zwicky), 338. 

Cosmological time scale (Zwicky), 604. 

Cretaceous reptiles (Stock), 617. 

Critical points of a map to a circle 
(Pitcher), 428. 

Crossing-over (Marshak), 510. 

Crozier, W. J. Temperature and the 
Critical Intensity for Response to 
Visual Flicker. II, 78. 

Crozier, W. J., AND WoLr, E. Tempera- 
ture and the Critical Intensity for 
Response to  Visual-Flicker. III. 
On the theory of the Visual Response 
Contour, and the Nature of Visual 

Duplexity, 171. 


INDEX 


655 


Crozier, W. J., AND Wo Fr, E. Specific 
Constants for Visual Excitation. 
IV. On the Nature of Genetic 
Differences, 176. 

Crystal patterns (Buerger), 383. 

Cucumis Melo (Ervin), 335. 

Current, electric (Bardeen and Van Vleck), 
82 


Curvature element transformations (Kas- 
ner and De Cicco), 104. 
Cyclotomic field (Vandiver), 586. 


Death rates, adjusted (Doering and 
Forbes), 461. 

DE —” J. See Kasner, E., 104, 209, 
479. 

DeEeEvEY, E. S., JR. See Hutchinson, G. 

., 87. 

DeERSHEM, E. Photomicrographs of Thin 
Bone Sections by the Use of Fluores- 
cence X-Radiation, 6. 

Development of embryo-sac in Plumba- 
gella (Boyes), 141. 

Developmental rates (Braun), 238. 

Differential polynomials (Ritt), 90. 

Differentiation, imaginal (Bodenstein), 14. 

Differentiation in living plant meristems 
(Sinnott), 55. 

Diploids, occurrence of parthogenetic 
(Randolph and Fischer), 161. 

DoBZHANSKY, T. Microgeographic Varia- 
in Drosophila Pseudodbscura, 

DokrING, C. R., AND ForBes, A. L. Ad- 
justed Death Rates, 461. 

as, J. The Analytic Prolongation 
of a Minimal Surface across a Straight 
Line, 375. 

——. Solution of the Inverse Problem of 
the Calculus of Variations, 631. 

Dripin, D. M. Class Field Theory of 
Solvable Algebraic Number Fields, 
289 


Drosophila (Waddington), 299 (Mazia 
and Jaeger), 456. 

Drosophila, genus of (Sturtevant), 137. 

Drosophila larvae (Rudkin), 594. 

Drosophila Melanogaster (Braun), 238; 
(Tatum), 486, 490; (Kaufmann), 571. 

Pseudodbscura (Dobzhansky), 
311 


Drosophila pupae (Bodenstein), 14. 

Duprey, H. The Automatic Synthesis of 
Speech, 377. 

Dunrorp, N. An Ergodic Theorem for 
n-Parameter Groups, 195. 

DuNForRD, N., AND Perris, B. J. Linear 
Operations among Summable Func- 
tions, 544. 

Dyes, color of (Pauling), 577. 


Easruick, H. L. A Study of Feather 
Character in Limbs Transplanted 
between Embryos of Different Bird 
Species, 551. 


| 
f 

n 
it 
in 
6. 
1g 
Ss, 


656 


Echinochrome, crystalline (Tyler), 523. 

Egg membrane-lysin (Tyler) ), 317. 

Electro-dynamic field in living organisms 
(Burr and Northrop), 284. 

Electrons, metallic (Bardeen and Van 
Vleck), 82 

Elimination of chromosomes (Berry), 125. 

L. N. See Sherman, H. C., 420 

Embryo-sac development in Plumbagella 
(Boyes), 141. 

ENGLISH, J., JR., BONNER, J., AND 
HaaGen-Smit, A. J. The Wound 
Hormone of Plants II. The Isola- 
tion of a Crystalline Active Substance, 
323. 

ENZMANN, E.V. See Sax, K., 397. 

Eocene amynodonts (Stock), 270. 

Equivalence theorem (Peebles), 97. 

Erpés, P., AND Kac, M. On the Gaus- 
sian Law of Errors in the Theory of 
Additive Functions, 206. 

Ergodic theorem (Dunford), 195; (Birk- 

hoff), 625; (Alaoglu and Birkhoff), 628. 

Ervin, C. D. Polysomaty in Cucumis 
Melo, 335. 

Ethylisocyanide-ferrohemoglobin (Russell 
and Pauling), 517. 

Euler’s concordant forms (Bell), 46. 

Excitation, visual (Crozier and Wolf), 174. 

Extragalactic studies (Shapley), 423, 565. 

Eye, human (Miles), 25, 128, 349; (Lind- 
sley and Hunter), 180. 

Eye-colors in Drosophila (Tatum), 486. 

Eyes and color changes (Parker), 499. 


Factors, general (Wilson and Worcester), 

Factors of leaf growth (Bonner and 
Haagen-Smit), 184. 

FANKHAUSER, G., AND GRIFFITHS, R. B. 
Induction of Triploidy and Haploidy 
in the Newt, Triturus Viridescens, by 
Cold Treatment of Unsegmented 
Eggs, 233. 

Feather character (Eastlick), 551. 

FEKETE, E. See Woolley, G., 277. 

Field, properly irregular cyclotomic (Van- 
diver), 586. 

Fields (Dribin), 289. 

Finite Stieltjes problem (Friedrichs and 
Horvay), 528. 

FiscHer,H.E. See Randolph, L. F., 161. 
FLEXNER, W. W. The Generality of 
Finite Abstract Complexes, 637. 
Flicker, visual (Crozier), 78; (Crozier and 

Wolf), 171. 

Fluorescence X-radiation (Dershem), 6. 

Forpes, A.L. See Doering, C. R., 461. 

Forms, Euler’s concordant (Bell), 46, 

Fornax (Shapley), 565. 

Frequency, meteor (Watson), 243. 

FRIEDRICHS, K., AND Horvay, G. The 
Finite Stieltjes Momentum Problem, 

528. 


INDEX 


Proc. N. A. S. 


FRIEDRICHS, K. O., AND STOKER, J. J. 
The Non-Linear Boundary Value 
Problem of the Buckled Plate, 535. 

Functions, additive (Bochner), 158; (Er- 
dés and Kac), 206. 

Fungi, genetic changes in (Thom and 
Steinberg), 329. 


Galactic center (Shapley), 113. 
Galactic studies (Shapley), 423, 565. 
— E. J. See Goldschmidt, R., 


Gas clouds, interstellar (Struve), 36. 

Gas exchange of Drosophila larvae (Rud- 
kin), 594. 

Genus Drosophila (Sturtevant), 137. 

Genes, lethal (Castle), 593. 

General relativity (Schiff), 391. 

General trihornometry (Kasner and 
De Cicco), 479. 

Generality of finite abstract complexes 
(Flexner), 637. 

Generators, independent (Miller), 364. 

Genetic ero gg in fungi (Thom and 
Steinberg), 329 

Genetic differences (Crozier and Wolf), 
174. 

Geometry, abstract flat projective (Michal 
and Mewborn), 440. 

Germ cells of Sciara Ocellaris (Berry), 125. 

Giant keyhole limpet (Tyler), 317. 

GépEL, K. Consistency-proof for the 
Continuum-Hypothesis, 


GoLpscHMIDT, R., GARDNER, E. J., AND 
Kopani, M. A Remarkable Group 
of Position-Effects, 314. 

Gravitational motion (Sterne), 468. 

GrirFitHs, R. B. See Fankhauser, G., 


233. 
Group, Moebius (Kasner and De Cicco), 
209 


Groups (Miller), 48, 158, 258, 364, 367, 
431, 482, 540, 583, 640; (Brauer), 290. 

Groups, n-parameter (Dunford), 195. 

Growth in living plant meristems (Sin- 
nott), 55. 


HAAGEN-SmiT, A. J. See Bonner, D. M., 
184; see English, J., Jr., 323. 

Haploidy (Fankhauser and Griffiths), 233. 
Helium (Struve, Wurm and Henyey), 67. 
Henyey,L.G. See Struve, O., 67. 
Hereditary changes in mice (Snell), 11. 
S. E. See Osterhout, W. J. V.,3 
Histochemical tests (Mazia and Jaeger), 


456. 

Hormones (English, Bonner and Haagen- 
Smit), 323 

Horvay, G. See Friedrichs, K., 528. 

Human eye (Miles), 25, 128, 349; (Lind- 
sley and Hunter), 180. 

Human longevity (Pearl and Moffett), 
609. 


Vot. 25. 1939 


Human vitamin A-deficiency (Wald and 
Steven), 344. 

HunTER, W.S. See Lindsley, D. B., 180. 

Hutcuinson, G. E., DEEvEY, E. S., JR., 
AND Wo tack, A. The Oxidation- 
Reduction Potentials of Lake Waters 
and Their Ecological Significance, 87. 

Hybridization (Sturtevant), 308. 

Hybridization in mice (Little), 452. 

— (Struve, Wurm and Henyey), 
67. 


Ideal classes (Vandiver), 586. 
— of differential polynomials (Ritt), 


Identification of two subsets (Pitcher), 


Imaginal differentiation (Bodenstein), 14. 

Imidazole-ferrihemoglobin (Russell and 
Pauling), 517. 

Immunological properties (MacDowell, 
Potter and Taylor), 416. 

Independent generators (Miller), 364. 

Individuals, interaction of (Chapple), 58. 

ar color changes (Parker), 


99. 

Interaction of individuals (Chapple), 58. 
Intermedin, distribution of (Kleinholz and 

Rahn), 145. 
Intersections (Ritt), 214. 
Interstellar gas clouds (Struve), 36. 
Inverse problem (Douglas), 631. 
Ions, active uptake of (Krogh), 275. 


JAEGER, L. See Mazia, D., 456. 

Jounson, T. B. The Synthesis of Sul- 
fonyl Chlorides by Chlorination of 
Sulphur Compounds, 448. 


Kac, M. See Erdis, P., 206. 

KAsNER, E., AND DECicco, J. Curvature 
Element Transformations which Pre- 
serve Integrable Fields, 104. 

——. Characterization of the Moebius 
Group of Circular Transformations, 


209. 

——. General Trihornometry of Second 
Order, 479. 

KAUFMANN, B. P. Distribution of In- 
duced Breaks along the X-Chromo- 
some of Drosophila Melanogaster, 
571. 

L. H., AND RAHN, H. The 
Distribution of Intermedin in the 
Pars Anterior of the Chicken Pitui- 
tary, 145. 

Kopant, M. See Goldschmidt, R., 314. 

Kroc, A. The Active Uptake of Ions 
into Cells and Organisms, 275. 


Lagrangian series (Bateman), 262. 
Lake waters (Hutchinson, Deevey and 


Wollack), 87. 
Lanrorp, C. S. See Sherman, H. C., 16. 


INDEX 


Larvae, Drosophila (Rudkin), 594. 

Lattice (Alexander), 208. 

Leaf growth factors (Bonner and Haagen- 
Smit), 184. 

LEFSCHETZ, S. On the Mapping of Ab- 
stract Spaces on Polytopes, 49. 

Length, theory of (Menger), 474. 

Lethal genes (Castle), 593. 

Leukemic cells (MacDowell, Potter and 
Taylor), 416. 

Life, length of (Sherman, Campbell and 
Lanford), 16. 

Limbs transplanted (Eastlick), 551. 

Limpet, giant keyhole (Tyler), 317. 

Linear operations (Dunford and Pettis), 
544 


LinpsLey, D. B., anpD HUNTER, W.S. A 
Note on Polarity Potentials from the 
Human Eye, 180. 

Linkage, testing for (Castle), 593. 

LittLe, C.C. Hybridization and Tumor 
Formation in Mice, 452. See Woolley, 
G., 277. 

Living organisms (Burr and Northrop), 
284 


Longevity, human (Pearl and Moffett), 


McCuintocx, B. The Behavior in Suc- 
cessive Nuclear Divisions of a 
Chromosome Broken at Meiosis, 405. 

MacDoweE tt, E. C., Potter, J. S., AND 
Taytor, M. J. The Influence of 
Transplantation upon Immunological 
Properties of Leukemic Cells, 416. 

Magnetic properties of compounds (Rus- 
sell and Pauling), 517. 

Maize, tetraploid (Randolph and Fischer), 


Mammary tumor (Woolley, Fekete and 
Little), 277. 

Manifolds, algebraic differential (Ritt), 
214 


Mapping (Lefschetz), 49; (Tucker), 371; 
Pitcher), 428. 

MarsnHak, A. The Nature of Chromo- 
some Division and the Duration of 
the Nuclear Cycle, 502. 

A Comparison of the Sensitivity of 
Mitotic and Meiotic Chromosomes of 
Vicia Faba and Its Bearing on Theo- 
ries of Crossing-Over, 510. 

Mazia, D., AND JAEGER, L. Nuclease 
Action, Protease Action and Histo- 
chemical Tests on Salivary Chromo- 
somes of Drosophila, 456. 

Megathura Crenulata (Tyler), 317. 

= (McClintock), 405; (Marshak), 


MeEnGcgER, K. A Theory of Length and Its 
Applications to the Calculus of Varia- 
tions, 474. 

——. On Cauchy’s Integral Theorem in 
the Real Plane, 621. 


Ss. 657 

1e 

T- 

ad 

nd 

KeS 

nd 

lf), 

hal 

25. 

the 

sis, 

\ND 

Up 

367, 

290. 

Sin- 

M., 

233. 

67. 

3. 

ser), 

gen- 

ind- 

ett), 


658 


Meristems (Sinnott), 55; (Whaley), 445. 

Metallic electrons (Bardeen and Van 
Vleck), 82. 

Metastable levels (Struve, Wurm and 
Henyey), 67. 

Meteor frequency (Watson), 243. 

Metric of a polytope (Tukey), 51. 

Metz, C. W., AND BocuE, R. D. Obser- 
vations of the Mechanism of Induced 
Chromosome Rearrangements in Sci- 
ara, 280. 

Mewsorn, A.B. See Michal, A. D., 440. 

Mice (Snell), 11; (Woolley, Fekete and 
Little), 277; (Little), 452. 

A. D., AND MEwsorn, A. B. 
Abstract Flat Projective Geometry, 
440. 

Microgeographic variation on Drosophila 
Pseudodbscura (Dobzhansky), 311. 

Mines, W. R. The Steady Polarity Po- 

tential of the Human Eye, 25. 

Reliability of Measurements of the 
Steady Polarity Potential of the Eye, 
128. 

The Steady Potential of the Hu- 
man Eye in Subjects with Unilateral 
Enucleation, 349. 

Miiuer, G. A. Groups of Degree m in 

Which the Largest Degree of a Sub- 

stitution Is a Minimum, 43. 

Number of the Subgroups of Any 
Given Abelian Group, 258. 

Independent Generators of the 
Subgroups of an Abelian Group, 364. 

Groups Having a Small Number of 
Subgroups, 367. 

Groups Containing a Prime Num- 

ber of Non-Invariant Subgroups, 431. 

Groups Which Contain Less Than 
Ten Proper Subgroups, 482. 

Groups Which Contain Ten or 
Eleven Proper Subgroups, 540. 

Prime Power Groups Determined 
by the Number of Their Subgroups, 
583 


Groups Having a Small Number 
of Sets of Conjugate Subgroups, 640. 

Minima, non-relative (Shiffman), 215. 

Minimal surfaces (Morse and Tompkins), 
153; (Douglas), 375. 

Modular representation of 
(Brauer), 252. 

Moebius group (Kasner and De Cicco), 
209 


Morretr, W.E. See Pearl, R., 609. 

Moore, R. L. Concerning Accessibility, 
648. 

Moreno shales (Stock), 617. 

Morera theorem (Reade and Beckenbach), 


algebras 


Morse, M., ann Tompkins, C. On the 
Existence of Minimal Surfaces of 
General Critical Types, 153. 

Mutation frequency induced by hybridiza- 
tion (Sturtevant), 308. 


INDEX 


Proc. N. A. S. 


Nebulae, formation of clusters of (Zwicky) 
604 


Neutrons (Plesset and Brown), 600. 
Neutrons and hereditary changes (Snell), 


_ Newt (Fankhauser and Griffiths), 233. 


Newtonian series (Bateman), 262. 

NIEMANN, C. The Constitution of Secre- 
tin, 267. 

Nitella, chemical restoration in (Osterhout 
and Hill), 3. 

Non-invariant subgroups (Miller), 431. 

Norturop, F.S.C. See Burr, H. S., 284 

Notched wing characters (Braun), 238. 

Nuclear cycle (Marshak), 502. 

Nuclear divisions of a chromosome 
(McClintock), 405. 

Nuclease action (Mazia and Jaeger), 456. 

— Bernoulli and allied (Vandiver), 
197. 

Nutrition (Sherman, Campbell and Lan- 
ford), 16; (Sherman and Ellis), 420. 

Nutritional requirements of Drosophila 
Melanogaster (Tatum), 490. 


Operations, linear (Dunford and Pettis), 
544 


Operators, partial differential (Calkin), 
201. 


Ordered sets (Alexander), 296. 

Organisms (Krogh), 275. 

Organisms, living (Burr and Northrop), 
284 


Orthogonal polynomials (Peebles), 97. 

OSTERHOUT, V., AND Hit, S. E. 
Chemical Restoration in Nitella. 
III. Effects of Inorganic Salts, 3. 

VAN OVERBEEK, J. Is Auxin Produced in 
Roots?, 245. 

Oxidation-reduction potentials (Hutchin- 
son, Deevey and Wollack), 87. 


Pair of rigid bodies (Sterne), 468. 

ParKeR,G.H. The Relation of the Eyes 
to the Integumentary Color Changes 
in the Catfish Ameiurus, 499. 

Partial differential operators (Calkin), 201. 

PauLinG, L. A Theory of the Color of 
Dyes, 577. ~ 

PAULING, L. See Russell, C. D., 517. 

PEARL, R., AND Morrett, W. E. Bodily 
Constitution and Human Longevity, 
609. 

Pees_es,G.H. An Equivalence Theorem 
for Series of Orthogonal Polynomials, 


97. 
Periodicities (Sterne), 559. 
Pettis, B. J. See Dunford, N., 544. 
Photography of interatomic distance vec- 
tors (Buerger), 383. 
Photomicrographs (Dershem), 6. 
Phycomyces and vitamin B, (Bonner and 
Buchman), 164. 
Physical state of interstellar gas clouds 
(Struve), 36. 


| 


VoL. 25, 1939 


Pincus, G. The Breeding of Some Rab- 
bits Produced by Recipients of Arti- 
ficially Activated Ova, 557. 

PircHER, E. Critical Points of a Map toa 
Circle, 428. 

Identification of Two Subsets, 435. 

Photos? chicken (Kleinholz and Rahn), 
145 


Plane, (Menger), 621. 

Planes, seven (White), 147. 

a” buckled (Friedrichs and Stoker), 
5 


Plateau problem (Shiffman), 215. 

PLEsSET, M. S., AND Brown, F. W. 
Scattering of Slow Neutrons by Pro- 
tons, 600. 

Plumbagella (Boyes), 141. 

Polarity, cell (Sinnott and Bloch), 248. 

Polarity potential of the eye (Miles), 128; 
(Lindsley and Hunter), 180. 

PoLLisTER, A. W. Centrioles and Chromo- 
somes in the Atypical Spermato- 
genesis of Vivipara, 189. 

Polynomials, differential (Ritt), 90. 

Polynomials, orthogonal (Peebles), 97. 

Polysomaty in Cucumis Melo (Ervin), 
335. 


Polytopes (Lefschetz), 49; (Tukey), 51. 
Position-effects (Goldschmidt, Gardner 
and Kodani), 314. 

Potential of the human eye (Miles), 25, 
349; (Lindsley and Hunter), 180. 
Potentials, oxidation-reduction (Hutchin- 

son, Deevey and Wollack), 87. 
Potter, J.S. See MacDowell, E. C., 416. 
Prime power groups (Miller), 583. 
Problem of Plateau (Shiffman), 215. 
Projective geometry (Michal and Mew- 

born), 440. 

Protease action (Mazia and Jaeger), 456. 
Protons (Plesset and Brown), 600. 


Rabbits (Pincus), 557. 

Raun, H. See Kleinholz, L. H., 145. 

RANDOLPH, L. F., AND FrscHEerR, H. E 
The Occurrence of Parthogenetic 
Diploids in Tetraploid Maize, 161. 

Rates, adjusted death (Doering and 
Forbes), 461. 

Rays, atomic and cosmic (Zwicky), 338. 

Reacting substances (Bateman), 388. 

READE, M., AND BECKENBACH, E. F. 
Generalizations to Space of the 
Cauchy and Morera Theorems, 92. 

Relativity, general (Schiff), 391. 

Reptiles, cretaceous (Stock), 617. 

Resolution of tests (Wilson and Worces- 
ter), 20, 73, 358. 

Respiration of eggs and sperm (Tyler), 528. 

Riboflavin (Sherman and Ellis), 420. 

Ritt, J. F. On Ideals of Differential 

Polynomials, 90. 

On the Intersections of Algebraic 
Differential Manifolds, 214. 


INDEX 


659 


RosBins, W. J., AND M. B. 
Vitamin Bs, a Growth Substance for 
Excised Tomato Roots, 1. 

Root hairs, differentiation of (Sinnott and 
Bloch), 248. 

Roots (van Overbeek), 245. 

RupkKIN, G. T. The Gas Exchange of 
Drosophila Larvae, 594. 

RUSSELL, C. D., AND PAULING, L. The 
Magnetic Properties of the Com- 
pounds Ethylisocyanide-Ferrohemo- 
globin and Imidazole-Ferrihemoglo- 
bin, 517. 


Sax, K. The Time Factor in X-Ray 
Production of Chromosome Aberra- 
tions, 225. 

Sax, K., AND ENZMANN, E. V. The 
Effect of Temperature on X-Ray 
Chromosome Aberrations, 
397. 


Scattering of slow neutrons by protons 
(Plesset and Brown), 600. 

ScuirF, L. I. A Question in General 
Relativity, 391. 

Scumipt, M. B. See Robbins, W. J., 1. 

Sciara (Metz and Boche), 280. 

Sciara Ocellaris (Berry), 125. 

Sculptor (Shapley), 565. 

Secretin, constitution of (Niemann), 267. 

Sections of thin bone (Dershem), 6. 

Semi-groups (Birkhoff), 625. 

Sets, ordered (Alexander), 296. 

Shales, Moreno (Stock), 617. 

SHAPLEY, H. A Determination of the 
Distance to the Galactic Center, 113. 

Galactic and Extragalactic Studies, 

I. On the Corona of Stars around 

the Galactic System, 423. 

Galactic and Extragalactic Stud- 
ies, II. Notes on the Peculiar Stellar 
Systems in Sculptor and Fornax, 565. 
——. Three Supernovae in the Spiral 

NGC 3184, 569. 

SHERMAN, H. C., CAMPBELL, H. L., AND 
LANFoRD, C. S. Experiments on the 
Relation of Nutrition to the Composi- 
tion of the Body and the Length of 
Life, 16. 

SHERMAN, H. C., AND L. N. Re- 
sponses to Different Levels of Nutri- 
tional Intake of Riboflavin (Formerly 
Called Vitamin G), 420. 

SHIFFMAN, M. The Plateau Problem for 
Non-Relative Minima, 215. 

Sinnott, E. W. Growth and Differentia- 
tion in Living Plant Meristems, 55. 

Sinnott, E. W., AND Biocn, R. Cell 
Polarity and the Differentiation of 
Root Hairs, 248. 

SNELL, G. D. The Induction by Irradia- 
tion with Neutrons of Hereditary 
Changes in Mice, 11. 

Solar constant (Sterne), 559. 


|_| 
>. 

) 

it 

1- 

la 

a. 

in 

es 

es 

of 

ly 

m 

ls, 

nd 

ds 


660 


Space, topological (Alexander), 52. 

Spaces, abstract (Lefschetz), 49. 

Spaces, Banach (Taylor), 438. 

— automatic synthesis of (Dudley), 
377. 


Spermatogenesis of vivipara (Pollister), 
189. 


Spinochrome, crystalline (Tyler), 523. 

Spiral NGC 3184 (Shapley), 569. 

Stars (Shapley), 423 

Stieltjes momentum problem (Friedrichs 
and Horvay), 528. 

STEINBERG, R.A. See Thom, C., 329. 

Stellar collisions (Whipple), 118. 

Stellar systems (Shapley), 565. 

STERNE, T.E. The Gravitational Motion 

of a Pair of Rigid Bodies, 468. 

On Periodicities in Measures of the 

Solar Constant, 559. 

STEVEN, D. See Wald, G., 344. 

Stock, C. Eocene Amynodonts from 

Southern California, 270. 

Occurrence of Cretaceous Reptiles 
in the Moreno Shales of the Southern 
Coast Ranges, California, 617. 

STOKER, J. J. See Friedrichs, K. O., 535. 

Strongylocentrotus (Tyler), 523 

Structure, algebraic (Tucker), 643. 

STRUVE, The Physical State of the 
Interstellar Gas Clouds, 36. 

StRuvE, O., WuRM, K., AND HENYEY, L. 
G. Astrophysical Consequences of 
Metastable Levels in Hydrogen and 
Helium, 67. 

SturTEvANT, A. H. On the Subdivision 

of the Genus Drosophila, 137. 

High Mutation Frequency Induced 

by Hybridization, 308 

Subdivision of genus Drosophila (Sturte- 
vant), 137. 

Subsets, identification of two (Pitcher), 
435. 

Substances, reacting (Bateman), 388. 

Sulfonyl chlorides (Johnson), 448. 

Supernovae (Whipple), 118; (Zwicky), 
338; (Shapley), 569. 

Surfaces, minimal (Morse and Tompkins), 
153; (Douglas), 375. 


Tatum, E. L. Development of Eye- 
Colors in Drosophila: Bacterial Syn- 
thesis of vt Hormone, 486 

—. Nutritional Requirements oi 
Drosophila Melanogaster, 490. 

Taytor, A. E. The Weak Topologies of 
Banach Spaces, 438. 

— M. J. See MacDowell, E. C., 

Tests, resolution of (Wilson and Worces- 
ter), 20, 73, 358. 

—— Maize (Randolph and Fischer), 


Tuom, C., AND STEINBERG, R. A. The 
Chemical Induction | of Genetic 
Changes in Fungi, 329. 


INDEX 


Proc. N. A. S. 


“Tight Binding” for metallic electrons 
(Bardeen and 82. 

Time factors (Sax), 2 

Time scale, ee Sarat (Zwicky), 604. 

Tompkins, C. See Morse, M., 153 

Topological space (Alexander), 52. 


’ Topologies, weak (Taylor), 438. 


Transformations, circular (Kasner and 
De Cicco), 209 

Transformations, curvature element (Kas- 
ner and De Cicco), 104. 

Transplantation (MacDowell, Potter and 
Taylor), 416. 

Transplanted limbs (Eastlick), 551. 

Trihornometry, general (Kasner 
De Cicco), 479. 

Triploidy (Fankhauser and Griffiths), 233. 

Triturus Viridescens (Fankhauser and 
Griffiths), 233. 

Tucker, A. W. On Chain-Mappings 

Carried by Cell-Mappings, 371. 

The Algebraic Structure of Com- 

plexes, 643. 

TuKEy, J. W. The Intrinsic Metric of a 
Polytope, 51. 

Tumor forming in mice (Little), 452. 

Tumor, mammary (Woolley, Fekete and 
Little), 277. 

TyLer, A. Extraction of an Egg Mem- 
brane-Lysin from Sperm of the Giant 
Keyhole Limpet (Megathura Crenu- 


and 


lata), 317 
——. Crystalline Echinochrome and 
Spinochrome: Their Failure to 


Stimulate the Respiration of Eggs and 
Sperm of Strongylocentrotus, 523. 


VaNnDIVER, H. S. On Analogues of the 

Bernoulli and Allied Numbers, 197. 
On Basis Systems for Groups of 

Ideal Classes in a Properly Irregular 

Cyclotomic Field, 586 

VAN VLECK, J. H. See Bardeen, J., 82. 

Variations, calculus of (Menger), 474; 

(Douglas), 631. 
v* hormone (Tatum), 486. 
Vectors, interatomic distance (Buerger), 


383. 

Vicia faba (Marshak), 510. 

Visual duplexity, nature of (Crozier and 
Wolf), 171. 

Visual excitation (Crozier and Wolf), 174. 

Visual flicker (Crozier), 78. 

va A-deficiency (Wald and Steven), 

44, 

Vitamin B,; and phycomyces (Bonner and 
Buchman), 164. 

Vitamin B, (Robbins and Schmidt), 1. 

Vitamin G (Sherman and Ellis), 420. 

Vivipara (Pollister), 189. 


WappincTon, C. H. Preliminary Notes 

on the Development of the Wings in 
Normal and Mutant Strains of Dro- 
sophila, 299. 


may, 


VoL. 25, 1939 


WaLp, G., AND STEVEN, D. An Experi- 
ment in Human Vitamin A-Defi- 
ciency, 344. 

Watson, F. Influences of Limiting Mag- 
nitude upon Meteor Frequency, 243. 

Weak topologies (Taylor), 438. 

WHALEY, W.G. Developmental Changes 
in Apical Meristems, 445. 

WHIPPLE, F. L. Supernovae and stellar 
collisions, 118. 

Waite, H.S. The Convex Cells Formed 
by Seven Planes, 147. 

Witson, E. B., AND WoRCcESTER, J. The 

Resolution of Tests into Two General 

Factors, 20. 

The Resolution of Six Tests into 

Three General Factors, 73. 

Team Tests for Generals and Spe- 

cifics, 358. 

Wings of Drosophila (Waddington), 299. 

Wo r, E. See Crozier, W. J., 171, 176. 


INDEX 661 


Wo.vack, A. See Hutchinson, G. E., 87. 

Woo_tey, G., FEKETE, E., AND LITTLE, C. 
C. Mammary Tumor Development 
in Mice Ovariectomized at Birth, 277. 

WoRCESTER, J. See Wilson, E. B., 20, 73, 
358 


Wound hormones of plants (English, Bon- 
ner and Haagen-Smit), 323 
Wurm, K. See Struve, O., 67. 


X-chromosome (Kaufmann), 571. 

X-radiation, fluorescence (Dershem), 6. 

X-ray induced chromosome aberrations 
(Sax), 225; (Sax and Enzmann), 397. 


Zwicky, F. Production of Atomic Rays 
and of Cosmic Rays in Supernovae, 
338. 
On the Formation of Clusters of 
Nebulae and the Cosmological Time 
Scale, 604. 


is 
id 
S- 
id 
3. 
id 
gs 
n- 
‘eo 
nd 
m- 
nt 
nd 
to 
nd 
he 
of 
lar 
74; 
r), 
ind 
74. 
n), 
ind 
in 


| 
| 
| 
| 
| 
4 
j 
1 
4 


} 

> 


INFORMATION TO CONTRIBUTORS 


THE PROCEEDINGS is the official organ of the NATIONAL ACADEMY OF 
Sciences and of the NATIONAL RESEARCH Council for the publication of 
brief accounts of important current researches of members of the ACADEMY 
and of the Counciu and of other American investigators. The PROCEED- 
INGS will aim especially to secure prompt publication of original announce- 
ments of discoveries and wide circulation of the results of American re- 
search among investigators in other countries and in all branches of science. 

ARTICLES should be brief. The viewpoint should be comprehensive in 
giving the relation of the paper to previous publications of the author or 
of others and in exhibiting, where practicable, the significance of the work 
for other branches of science. Elaborate technical details of the work 
and long tables of data should be avoided, but authors should be precise 
in making clear the new results and should give some record of the methods 
and data upon which they are based. 

Manuscripts should be prepared with a current number of the Pro- 
CEEDINGS as a model in matters of form, and should be typewritten in 
duplicate with double spacing, the author retaining one copy. Illustra- 
tions should be confined to text-figures of simple character, though more 
elaborate illustrations may be allowed in special instances to authors 
willing to pay for their preparation and insertion. Particular attention 
should be given to arranging tabular matter in a simple and concise manner. 

REFERENCES to literature, numbered consecutively, will be placed at the 
end of the article and short footnotes should be avoided. It is suggested 
that references to periodicals be furnished in some detail and in general 
in accordance with the standard adopted for the Subject Catalogue of the 
International Catalogue of Scientific Literature, viz., name of author, 
with initials following (ordinarily omitting title of paper), abbreviated 
name of Journal, with place of publication, series (if any), volume, in- 
clusive pages, year. For example: Montgomery, T. H., J. Morph., Bos- 
ton, 22, 731-815 (1911); or, Wheeler, W. M., Konigsburg, Schr. physik., 
Ges., 55, 1-142 (1914). 

PAPERS by members of the AcADEMY may be sent to Edwin Bidwell 

Wilson, Managing Editor, Harvard School of Public Health, 55 Shattuck 
St., Boston 17, Mass. Papers by non-members of the AcapEmy or Coun- 
cit should be submitted through some member. 

ProorF will not ordinarily be sent; if an author asks for proof, it will be 
sent with the understanding that charges for his corrections shall be billed 
to him. Authors are therefore requested to make final revisions on the 
typewritten manuscripts. The editors cannot undertake to do more than 
correct obvious minor errors. 

Reprints should be ordered at the time of submission of manuscript. 
They will be furnished to authors at cost, approximately as follows: 


SCHEDULE OF RATES FOR REPRINTS, CARRIAGE CHARGES EXTRA 


No. copies 50 100 150 200 250 
4pp. $2.10 $2.40 $2.70 $3.00 $3.30 
8 pp. 4.20 4.80 5.40 6.00 6.60 
Covers 1.60 2.05 2.50 2.95 3.40 


CONTENTS 


GENETICS.—ON A METHOD FOR TESTING FOR LINKAGE BETWEEN LETHAL GENES . 
By W. E. Castle 


GENETICS.—THE Gas EXCHANGE OF DROSOPHILA LARVAE . By George T. Rudkin 


Puysics.—ScCATTERING OF SLOW NEUTRONS BY PROTONS. 
By Milton S. Plesset and Frederick W. Brown 


ASTRONOMY.—ON THE FORMATION OF CLusTERS OF NEBULAE AND THE COSMO- 


ANTHROPOLOGY.—BopILy CONSTITUTION AND HUMAN LONGEVITY. . 
By Raymond Pearl and W. Eéein Moffett 


PALEONTOLOGY.—OCCURRENCE OF CRETACEOUS REPTILES IN THE MORENO SHALES 
OF THE SOUTHERN COAST RANGES, CALIFORNIA . . . . By Chester Stock 


MatTHematics.—On Caucuy’s INTEGRAL THEOREM IN THE REAL PLANE. . 
By Karl Monee 


MATHEMATICS.—AN THEOREM FOR GENERAL SEMI-GROUPS . 
By Garrett Birkhof 


MatuHematics.—GENERAL Ercopic THEoREMS . By L. Alaoglu and G. Birkhoff 


MATHEMATICS.—SOLUTION OF THE INVERSE PROBLEM OF THE CALCULUS OF 


MATHEMATICS.—THE GENERALITY OF Finire ABSTRACT COMPLEXES . . 
By William W. Flexner 


MatTHEMATICS.—Groups HAVING A SMALL NUMBER OF SETS OF CONJUGATE SUB- 
. . . . By G. A. Miller 


MATHEMATICS.—THE ALGEBRAIC STRUCTURE OF CoMPLEXES . By A. W. Tucker 
MATHEMATICS.—CONCERNING ACCESSIBILITY. . . . . . By R. L. Moore 
INDEX 


CoNTENTS . 


B 


g 


q 
Page j 
593 q 
594 
600 q 
604 q 
609 
617 
q 
621 q 
625 
62S 
4 


q 
q 

q 

q 

ie 


